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7KH PDLQ SXUSRVH RI WKH SDSHU LV WR SURYLGH D PDWKHPDWLFDO EDFNJURXQG IRU WKH
WKHRU\ RI ERQG PDUNHWV VLPLODU WR WKDW DYDLODEOH IRU VWRFN PDUNHWV￿ :H VXJJHVW WZR
FRQVWUXFWLRQV RI VWRFKDVWLF LQWHJUDOV ZLWK UHVSHFW WR SURFHVVHV WDNLQJ YDOXHV LQ D VSDFH
RI FRQWLQXRXV IXQFWLRQV￿ 6XFK LQWHJUDOV DUH XVHG WR GHnQH WKH HYROXWLRQ RI WKH YDOXH
RI D SRUWIROLR RI ERQGV FRUUHVSRQGLQJ WR D WUDGLQJ VWUDWHJ\ ZKLFK LV D PHDVXUH￿YDOXHG
SUHGLFWDEOH SURFHVV￿ 7KH H[LVWHQFH RI DQ HTXLYDOHQW PDUWLQJDOH PHDVXUH LV GLVFXVVHG
DQG +-0￿W\SH FRQGLWLRQV DUH GHULYHG IRU D MXPS￿GLmXVLRQ PRGHO￿ 7KH TXHVWLRQ RI
PDUNHW FRPSOHWHQHVV LV FRQVLGHUHG DV D SUREOHP RI WKH UDQJH RI D FHUWDLQ LQWHJUDO
RSHUDWRU￿ :H LQWURGXFH D FRQFHSW RI DSSUR[LPDWH PDUNHW FRPSOHWHQHVV DQG VKRZ WKDW
D PDUNHW LV DSSUR[LPDWHO\ FRPSOHWH Lm DQ HTXLYDOHQW PDUWLQJDOH PHDVXUH LV XQLTXH￿
ki) Lh_tG ERQG PDUNHW WHUP VWUXFWXUH RI LQWHUHVW UDWHV VWRFKDVWLF LQWHJUDO %DQDFK
VSDFHYDOXHG LQWHJUDWRUV PHDVXUHYDOXHG SRUWIROLR MXPSGLmXVLRQ PRGHO PDUWLQJDOH PHD
VXUH DUELWUDJH PDUNHW FRPSOHWHQHVV
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,Q WKH ODVW IHZ \HDUV D UHPDUNDEOH SURJUHVV KDV EHHQ PDGH LQ WKH XQGHUVWDQGLQJ RI ERQG
PDUNHW SKHQRPHQD 7KH PDLQ LVVXHV RI WKH WKHRU\ GHYHORSHG E\ D QXPEHU RI UHVHDUFKHUV LQ
WLJKW FRRSHUDWLRQ ZLWK SUDFWLWLRQHUV DUH WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV DQG WKH SULFLQJ
RI GHULYDWLYH VHFXULWLHV FDSV oRRUV VZDSWLRQV HWF VHH HJ ERRNV >@ >@ SDSHUV >@ >@
>@ >@ >@ >@ >@ >@ >@ >@ DQG UHIHUHQFHV WKHUHLQ 7KH VWDQGDUG IUDPHZRUN LV WKDW
RI FRQWLQXRXV WUDGLQJ ZKLFK LV EDVHG RQ D VWRFKDVWLF FDOFXOXV IRU VHPLPDUWLQJDOHV 7KH JUHDW
VXFFHVV RI FRQWLQXRXV WLPH PRGHOV IRU GHVFULSWLRQ RI VWRFN PDUNHWV DQG YDOXDWLRQV RI RSWLRQV
RQ VWRFNV VWURQJO\ LQoXHQFHG UHVHDUFK LQ WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV ,Q WKH PDMRULW\
RI SDSHUV WKH G\QDPLFV RI SULFHV RI ]HURFRXSRQ ERQGV ZLWK PDWXULW\ t LV GHVFULEHG E\ D
GLmXVLRQ SURFHVV 3Wt W  tZ K H U Ht LV FRQVLGHUHG DV D FRQWLQXRXV SDUDPHWHU +RZHYHU
RQO\ D IHZ ZRUNV >@ >@ >@ >@ DQG VRPH RWKHUV GHDO ZLWK MXPSGLmXVLRQ PRGHOV LQ VSLWH
R IW K HH Y L G H Q F H VL QI D Y R X UR IW K HO D W W H U 7 K HV X E M H F WR IW K HD E V R O X W HP D M R U L W \R IW K HD E R Y H
UHIHUHQFHV FDQ EH FKDUDFWHUL]HG DV WKDW RI D VSHFLDO WKHRU\ RI ERQG PDUNHWVP D W K H P D W L F D O
GHVFULSWLRQ RI SULFH HYROXWLRQ RI EDVLF VHFXULWLHV DQG oRDWLQJ LQWHUHVW UDWHV
7KH SUREOHP RI WHUP VWUXFWXUH RI LQWHUHVWV UDWHV LV RI FRXUVH YHU\ LPSRUWDQW DQG RQH
FDQ HYHQ LPDJLQH WKDW WKHVH NH\ ZRUGV DUH V\QRQ\PRXV WR WKH PDWKHPDWLFDO WKHRU\ RI ERQG
PDUNHWV *LYHQ DQ DGHTXDWH PRGHO IRU VHFXULW\ SULFHV RQH FDQ XVH LW IRU YDOXDWLRQ RI
FRQWLQJHQW FODLPV DQG KHGJLQJ SRVLWLRQV E\ UHSOLFDWLRQ RI D FODLP E\ G\QDPLFDOO\ UHEDODQFHG
S R U W I R O L R V  + H U HZ HF R P HW RDY H U \L P S R U W D Q WG L m H U H Q F HR ID O OZ L G H O \D F F H S W H GP R G H O VR I
ERQG PDUNHWV IURP WKDW RI D VWRFN PDUNHW
LQ WKH FRQWLQXRXVWLPH ERQG PDUNHW PRGHO WKHUH LV QDWXUDOO\ D FRQWLQXXP RI EDVLF WUDGHG
VHFXULWLHV ]HURFRXSRQ ERQGV SDUDPHWHUL]HG E\ WKHLU PDWXULWLHV t ZKLOH LQ WKH VWDQGDUG
PRGHO RI D VWRFN PDUNHW WKHUH LV QRUPDOO\ RQO\ D nQLWH QXPEHU RI VHFXULWLHV
7KLV REVHUYDWLRQ PDNHV FOHDU WKDW D FRQVLVWHQW WKHRU\ PXVW DGPLW KHGJLQJ SRUWIROLRV
ZKLFK PD\ FRQWDLQ DQ LQnQLWH QXPEHU DQG HYHQ D FRQWLQXXP RI VHFXULWLHV &HUWDLQO\ WKLV
LPSOLHV WKH QHFHVVLW\ RI D ULJRURXV PDWKHPDWLFDO GHnQLWLRQ RI VXFK D SRUWIROLR ,Q D VWRFN
PDUNHW ZLWK G XQGHUO\LQJ DVVHWV D YHFWRU    ￿G UHSUHVHQWLQJ WKH TXDQWLWLHV RI DVVHWV
RI HDFK W\SH NHSW DW W LQ D SRUWIROLR FDQ EH LGHQWLnHG ZLWK D OLQHDU IXQFWLRQDO LH ZLWK DQ
HOHPHQW RI WKH GXDO VSDFH +Ge FRLQFLGLQJ ZLWK +G D SRUWIROLR YDOXH 9W LV WKH DFWLRQ W3W
RI WKLV IXQFWLRQDO WR WKH SULFH YHFWRU 3W   3￿
W 3G
W  DQG WKLV LV MXVW D VFDODU SURGXFW
DIWHU WKH ZRUN E\ +DUULVRQ DQG 3OLVND >@ WKH PRVW JHQHUDO DQG ZLGHO\ DFFHSWHG PRGHO
IRU WKH G\QDPLFV RI WKH ODWWHU LV D VHPLPDUWLQJDOH ZKLOH WKH WLPHHYROXWLRQ RI D SRUWIROLR
VWUDWHJ\ LV GHVFULEHG E\ D SUHGLFWDEOH SURFHVV 7KH FODVVLF VWRFKDVWLF FDOFXOXV SURYLGHV DOO
QHFHVVDU\ PDFKLQHU\ IRU WKH PRGHO WKH LQWHJUDWLRQ WKHRU\ IRU VHPLPDUWLQJDOHV LV WDLORUPDGH
IRU PDWKHPDWLFDO DQDO\VLV RI VWRFN PDUNHWV
,Q WKH FRQWH[W RI D ERQG PDUNHW 3W LV QRW D nQLWHGLPHQVLRQDO YHFWRU EXW D SULFH FXUYH
LH DQ HOHPHQW RI VRPH IXQFWLRQDO YHFWRU VSDFH DSSDUHQWO\ WKH %DQDFK VSDFH RI FRQWLQXRXV
IXQFWLRQV LV DGHTXDWH WR WKH SUREOHP DQG WKH LGHD RI FRQVLGHULQJ WKH HYROXWLRQ RI WKH SULFH
FXUYH 3W LQ D VXFK VSDFH KDV EHHQ H[SORLWHG HJ LQ >@ DQG >@
,W LV QDWXUDO WR H[WHQG WKH GHnQLWLRQ RI D SRUWIROLR DV D FRQWLQXRXV OLQHDU IXQFWLRQDO LQ WKLV
FDVH DJDLQ 9W   W3W DQG E\ DQDORJ\ RQH FRXOG H[SHFW WKDW WKH UHOHYDQW PDWKHPDWLFV KHUH
LV DQ LQWHJUDWLRQ WKHRU\ ZLWK UHVSHFW WR %DQDFK VSDFHYDOXHG VHPLPDUWLJDOHV 6XUSULVLQJO\
ZH HQWHU KHUH WHUUD LQFRJQLWD WKH H[LVWLQJ OLWHUDWXUH RQ WKH LQnQLWHGLPHQVLRQDO VWRFKDVWLF
LQWHJUDWLRQ GRHV QRW PHHW WKH QHHGV RI PDWKHPDWLFDO nQDQFH PRUHRYHU LW LV QRW FOHDU ZKDW
VKRXOG EH FDOOHG D VHPLPDUWLQJDOH LQ WKLV FDVH VHH 5HPDUN RQ S  LQ WKH UHFHQW DUWLFOH E\
/DXUHQW 6FKZDUW] >@
,Q WKH SUHVHQW SDSHU ZH VXJJHVW WZR DSSURDFKHV WR D VWRFKDVWLF LQWHJUDWLRQ ZKLFK VHUYHV
DV PRGHOOLQJ WRRO RI WKH ERQG PDUNHW WKHRU\ 7KH nUVW RQH JLYHQ LQ 6HFWLRQ  DQG LQVSLUHG E\
WKH ERRN RI 0u HWLYLHU >@ LV EDVHG RQ WKH FRQFHSW RI FRQWUROOHG SURFHVVHV DV LQWHJUDWRUV ,W LV
LPSRUWDQW WR QRWH WKDW RXU LQWHJUDQGV DUH ZHDNO\ SUHGLFWDEOH PHDVXUHYDOXHG SURFHVVHV WKLV
QRW RQO\ DOORZV XV WR DYRLG SUREOHPV DULVLQJ IURP QRQVHSDUDELOLW\ RI WKH VSDFH RI PHDVXUHV
LQ WKH WRWDO YDULDWLRQ WRSRORJ\ EXW DOVR RSHQV D ZD\ WR SUDFWLFDO DSSOLFDWLRQV VLQFH RQH FDQ
DSSUR[LPDWH ?WKHRUHWLFDO SRUWIROLRV E\ ?UHDOLVWLF VWUDWHJLHV LQYROYLQJ RQO\ D nQLWH EXW
DUELWUDU\ ODUJH QXPEHU RI VHFXULWLHV :H SURYH LQ 6HFWLRQ  WKDW DQ DVVHW JLYLQJ DQ LQWHUHVW
HTXDO WR WKH VSRW UDWH LWV SUHVHQFH LQ D ?]HURFRXSRQ ERQG PDUNHW LV XVXDOO\ MXVWLnHG
E\ VRPH OLPLW SURFHGXUH LV D SRUWIROLR RI MXVW PDWXULQJ ERQGV WKLV SRUWIROLR LQYROYHV D
FRQWLQXXP RI ERQGV EXW LQVWDQWDQHRXVO\ LW FRQWDLQV RQO\ D VLQJOH RQH
,Q 6HFWLRQ  LW LV FRQVLGHUHG D MXPSGLmXVLRQ PRGHO ZKHUH WKH SULFH SURFHVV RI HDFK VLQJOH
ERQG LH D ?VHFWLRQ RI WKH SULFH FXUYH G\QDPLFV LV D UDWKHU JHQHUDO VHPLPDUWLQJDOH )RU
WKLV PRGHO LQFOXGLQJ WKH PDMRULW\ RI WKRVH GLVFXVVHG LQ WKH OLWHUDWXUH ZH VXJJHVW DQRWKHU
DSSURDFK WR GHnQH WKH LQWHJUDO IRU PHDVXUHYDOXHG LQWHJUDQGV WKH LQWHJUDWLRQ WKHRU\ LV
UHGXFHG YLD )XELQL WKHRUHPV WR WKH VWDQGDUG VWRFKDVWLF FDOFXOXV :H SURYH WKDW PRGXOR D
VOLJKW GLmHUHQFH LQ K\SRWKHVHV WKH DOWHUQDWLYH FRQVWUXFWLRQ UHVXOWV LQ WKH VDPH SURFHVV DV
WKH JHQHUDO RQH 6LQFH WKH LQWHJUDWLRQ WKHRU\ LQ WKLV SDSHU LV LQWHQGHG RQO\ IRU nQDQFLDO
PRGHOOLQJ ZH DUH DOZD\V WU\LQJ WR EH RQ D UHDVRQDEOH OHYHO RI JHQHUDOLW\ OHDYLQJ SRVVLEOH
H[WHQVLRQV IRU WKH IXWXUH
,Q 6HFWLRQ  ZH WUHDW LQ GHWDLO WKH MXPSGLmXVLRQ PRGHO VSHFLnHG WKURXJK WKH G\QDPLFV
RI WKH IRUZDUG UDWH FXUYHV :H LQYHVWLJDWH KHUH WKH SUREOHP RI H[LVWHQFH RI D PDUWLQJDOH
PHDVXUH DQG GHULYH +-0W\SH FRQGLWLRQV IRU WKH FRHpFLHQWV
6HFWLRQ  LV GHYRWHG WR WKH KHGJLQJ RI FRQWLQJHQW FODLPV LQ D ERQG PDUNHW ,W LV ZHOO
NQRZQ WKDW LQ WKH PDWKHPDWLFDO WKHRU\ RI VHFXULW\ PDUNHWV WKH SUREOHP RI KHGJLQJ LV FORVHO\
UHODWHG WR WKH FRPSOHWHQHVV RI D PDUNHW 7KHUH LV DQ LQIRUPDO SULQFLSOH VHHPV WR KDYH EHHQ
IRUPXODWHG nUVW E\ %HQVRXVVDQ LQ >@ WR KHGJH DJDLQVW Q VRXUFHV RI UDQGRPQHVV RQH QHHGV
Q QRQUHGXQGDQW VHFXULWLHV EHVLGHV WKH QXPu HUDLUH $FFRUGLQJ WR WKLV SULQFLSOH WKHUH LV
QR FRPSOHWHQHVV LQ D VWRFN PDUNHW PRGHO EDVHG RQ D /u HY\ SURFHVV ZLWK FRQWLQXRXV MXPS
VSHFWUXP DQG KHQFH ZLWK D FRQWLQXXP RI VRXUFHV RI UDQGRPQHVV ZKLFK LV WRR PXFK IRU D
PDUNHW ZLWK D nQLWH QXPEHU RI VWRFNV 7KH DEVHQFH RI FRPSOHWHQHVV LV RQH RI WKH SULQFLSDO
REMHFWLRQV DJDLQVW VHHPLQJO\ PRUH DGHTXDWH PRGHOV GULYHQ E\ D /u HY\ SURFHVV
)RUWXQDWHO\ LQ D ERQG PDUNHW PRGHO ZKHUH WKHUH LV E\ GHnQLWLRQ D FRQWLQXXP RI VHFXUL
WLHV RQH FDQ FRQVWUXFW D KHGJH XVLQJ VWUDWHJLHV LQYROYLQJ D FRQWLQXXP RI DVVHWV 1HYHUWKHOHVV
LW WXUQV RXW WKDW LQ JHQHUDO RQH FDQ KHGJH HYHQ ZLWK PHDVXUHYDOXHG SRUWIROLRV LQ WKH PRVW
IDYRUDEOH VLWXDWLRQ RQO\ D GHQVH VXEVHW LQ WKH VSDFH RI FRQWLQJHQW FODLPV :H H[DPLQH WKH
SUREOHP E\ FRQVLGHULQJ IDPLOLHV RI ?PDUWLQJDOH RSHUDWRUV DQG WKHLU DGMRLQWV ?KHGJLQJ RSHU
DWRUV DQG UHODWH WKH XQLTXHQHVV RI D PDUWLQJDOH PHDVXUH ZLWK WKH LQMHFWLYLW\ RI PDUWLQJDOH
RSHUDWRUV ZKLOH WKH PDUNHW FRPSOHWHQHVV UHTXLUHV VXUMHFWLYLW\ RI KHGJLQJ RSHUDWRUV 7KH
ODWWHU EHLQJ LQWHJUDO RSHUDWRUV RI WKH nUVW NLQG PD\ KDYH DW EHVW D GHQVH LPDJH DQG RQO\
LQ WKH ?GHJHQHUDWH FDVH RI D nQLWH /u H Y \P H D V X U HD U HV X U M H F W L Y H L mW K HP D U W L Q J D O HR S H U D W R U V
DUH LQMHFWLYH 7KLV UHDVRQLQJ OHDGV WR WKH FRQFOXVLRQ WKDW WKH IXQGDPHQWDO FRQFHSW LV WKH
DSSUR[LPDWH FRPSOHWHQHVV ZKLFK LV HTXLYDOHQW WR WKH XQLTXHQHVV RI WKH PDUWLQJDOH PHDVXUH
,Q RXU SDSHU >@ DGGUHVVHG WR UHDGHUV ZKLFK DUH PRVWO\ LQWHUHVWHG LQ WKH nQDQFLDO FRXQ
WHUSDUW RI WKH WKHRU\ DQG ZKLFK GHDOV ZLWK WHFKQLFDOO\ VLPSOHU PRGHOV ZH SURYLGH VRPH
PRUH VSHFLnF UHVXOWV RQ D PDUNHW FRPSOHWHQHVV DQG WKH VWUXFWXUH RI KHGJHDEOH FODLPV
,W LV ZRUWK WR QRWH WKDW LQ VWRFN PDUNHW PRGHOV D FRQWLQXXP RI GHULYDWLYH VHFXULWLHV LV
DOVR LPSOLFLWO\ SUHVHQW VD\ FDOO RSWLRQV SDUDPHWHUL]HG E\ WKH PDWXULW\ WLPH DQGRU VWULNHV
DQG WKHUHIRUH RXU DSSURDFK FDQ DOVR EH DSSOLHG WR VXFK VHFXULW\ PDUNHWV 0RUHRYHU WKH
WKHRU\ GHYHORSHG KHUH JLYHV D KLQW ZK\ UHDOZRUOG nQDQFLDO PDUNHWV JHQHUDWH DQ HQRUPRXV
DPRXQW RI YDULRXV GHULYDWLYH VHFXULWLHV W\SLFDOO\ WKH\ DUH QRW GULYHQ E\ D nQLWH QXPEHU RI
VRXUFHV RI UDQGRPQHVV DQG WKH ULVN DYHUVH DJHQWV SUHIHUULQJ DW OHDVW DQ ?DSSUR[LPDWHO\
FRPSOHWH PDUNHW FUHDWH D FRUUHVSRQGLQJ GHPDQG
$W ODVW $SSHQGL[ FRQWDLQV VWRFKDVWLF YHUVLRQV RI WKH )XELQL WKHRUHP IRU FRQWLQXRXV
PDUWLQJDOHV DQG UDQGRP PHDVXUHV
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/HW l)6   )W EH D VWRFKDVWLF EDVLV nOWHUHG SUREDELOLW\ VSDFH VDWLVI\LQJ WKH XVXDO
FRQGLWLRQV DQG OHW 3   3W W  +￿ EH DQ DGDSWHG SURFHVV RQ LW ZLWK YDOXHV LQ WKH %DQDFK
VSDFH RI FRQWLQXRXV IXQFWLRQV &A ZLWK WKH XQLIRUP QRUP GHQRWHG E\ NNZ K H U H A LV HLWKHU
D FRPSDFW VXEVHW RI >@ HJ &A   &>7 I@ WKH VSDFH RI DOO FRQWLQXRXV IXQFWLRQV RU
&￿
+￿ WKH VSDFH RI FRQWLQXRXV IXQFWLRQ FRQYHUJLQJ WR ]HUR DW LQnQLW\
:H GHQRWH E\ 3 WKH SUHGLFWDEOH }DOJHEUD LQ ld+￿ JHQHUDWHG E\ DOO UHDO OHIWFRQWLQXRXV
DGDSWHG SURFHVVHV
/HW A EH WKH VSDFH RI VLJQHG PHDVXUHV RQ A HTXLSSHG ZLWK WKH WRWDO YDULDWLRQ QRUP





/HW 0A EH WKH }DOJHEUD JHQHUDWHG E\ WKH ZHDN WRSRORJ\￿ 5HFDOO WKDW WKH VSDFH A ZLWK
WKH ZHDN WRSRORJ\ LV VHSDUDEOH
2XU DLP LV WR GHnQH D VWRFKDVWLF LQWHJUDO




IRU 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7R HQVXUH WKH SDWK UHJXODULW\ RI  c 3 LQ RWKHU ZRUGV WR EH Ft DGOt DJ IRU HOHPHQWDU\
LQWHJUDQGV ZH LPSRVH RQ 3 WKH IROORZLQJ
tt4T|L? 2 7KH SURFHVV 3 LV ZHDNO\ UHJXODU WKHUH LV D VHW l￿ ZLWK l￿ VXFK
WKDW IRU DQ\   l￿ DQG P  A WKH UHDO IXQFWLRQ P3￿  
5
3￿tPGt LV ULJKW
FRQWLQXRXV DQG ZLWK OHIW OLPLWV
7R H[WHQG WKH LQWHJUDO WR D UHDVRQDEO\ ODUJH FODVV RI LQWHJUDQGV ZH QHHG
tt4T|L? 22 7KHUH H[LVW D SUHGLFWDEOH UDQGRP PHDVXUH GWGX OWGXGW JLYHQ RQ
+￿ d 8%￿ l8 ZKHUH 88 LV VRPH /XVLQ VSDFH .W    >W@ d 8   IRU nQLWH
W DQG D PHDVXUDEOH IXQFWLRQ
S  l d +￿ d 8 d A3l8l0 A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ZLWK WKH IROORZLQJ SURSHUWLHV
D SWX LV D VHPLQRUP RQ A
￿,Q WKH ODQJXDJH RI SUREDELOLW\ WKHRU\￿ L￿H￿ JHQHUDWHG E\ DOO PDSSLQJV P ￿ ￿ PI ZKHUH I ￿ &W￿L QW K H
ODQJXDJH RI IXQFWLRQDO DQDO\VLV WKLV LV￿ RI FRXUVH￿ ZHDN￿ WRSRORJ\￿
E SWX LV ZHDNO\ FRQWLQXRXV
F SWXP N PN9
GI R UD Q \7  +￿ WKHUH LV D FRQVWDQW &7 VXFK WKDW IRU DQ\ VWRSSLQJ WLPH ~  7 DQG











:H VKDOO VD\ WKDW S LQ WKH DERYH FRQGLWLRQ LV D FRQWURO SDLU IRU 3 DQG WKDW D SURFHVV
3 VDWLVI\LQJ $VVXPSWLRQ  LV D FRQWUROOHG SURFHVV
&OHDUO\ D OLQHDU FRPELQDWLRQ RI FRQWUROOHG SURFHVVHV LV DJDLQ D FRQWUROOHG SURFHVV
/HW ~ EH D ERXQGHG VWRSSLQJ WLPH VXFK WKDW (.￿
~   /HW XV LQWURGXFH WKH OLQHDU
VSDFH /￿
~   /￿
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SR ID O OS U H G L F W D E O HS U R F H V V H V ZLWK YDOXHV LQ A VXFK WKDW T~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wi44@ 2 7KH OLQHDU VSDFH (E LV GHQVH LQ /￿
~ LQ WKH WRSRORJ\ JLYHQ E\ T~
3URRI 7KH LQFOXVLRQ (E | /￿
~ KROGV GXH WR $VVXPSWLRQ F 7R VKRZ WKDW LW LV GHQVH
QRWLFH WKDW WKH EDOO %F   IP  NPN9  FJ LV FRPSDFW LQ WKH ZHDN WRSRORJ\ RI A WKH
%DQDFK^$ODRJOX WKHRUHP DQG PHWUL]DEOH +HQFH D PHDVXUDEOH PDSSLQJ
  l d +￿3  %F0AM%F
F D QE HD S S U R [ L P D W H GL QW K HV H Q V HR IW K HZ H D NF R Q Y H U J H Q F HE \3PHDVXUDEOH VWHS IXQFWLRQV
LH E\ SURFHVVHV RI WKH IRUP
3
,$LWPL ZKHUH $L DUH SUHGLFWDEOH VHWV 7KH SURSHUWLHV E
DQG F HQVXUH WKDW WKH DSSUR[LPDWLQJ VHTXHQFH FRQYHUJHV WR  LQ WKH VHPLQRUP T~
6LQFH WKH UHDOYDOXHG SUHGLFWDEOH SURFHVVHV
;
DL,bLd@WL￿WL￿￿@W
ZKLFK DUH D JHQHUDWLQJ VHW IRU 3 VHH >@ DUH GHQVH LQ /￿3GG.~ Z HJ H WW K D WW K H
HOHPHQWV RI (E DUH GHQVH LQ WKH VHW RI QRUPERXQGHG SUHGLFWDEOH SURFHVVHV LQ WKH WRSRORJ\
JLYHQ E\ T~ DQG KHQFH LQ /￿
~ (
/HW g~ EH WKH YHFWRU VSDFH RI UHDO DGDSWHG SURFHVVHV ZLWK UHJXODU WUDMHFWRULHV HTXLSSHG
ZLWK WKH VHPLQRUP {~<   ( VXSW￿~ M<WM￿￿ ￿ DV XVXDO ZH LGHQWLI\ LQGLVWLQJXLVKDEOH SUR
FHVVHV ,W LV ZHOONQRZQ WKDW g~ LV FRPSOHWH ZLWK UHVSHFW WR WKLV VHPLQRUP
7KXV WKH OLQHDU PDSSLQJ    ,>￿￿~@c3 GHnQHG RQ (E DQG WDNLQJ YDOXHV LQ g~Z K L F KL V
FRQWLQXRXV E\  FDQ EH H[WHQGHG WR WKH XQLTXH FRQWLQXRXV OLQHDU PDSSLQJ IURP /~ LQWR
g~
6WDQGDUG ORFDOL]DWLRQ DUJXPHQWV DOORZ XV WR H[WHQG WKH GHnQLWLRQ RI WKH LQWHJUDO c3 WR






￿VXVGVGX   DV 
IRU DOO nQLWH W
/HW S￿ EH DQRWKHU FRQWURO SDLU 7KHQ S￿￿   S  S￿ LV DJDLQ D FRQWURO SDLU
$VVXPH WKDW  VDWLVnHV  WRJHWKHU ZLWK WKH FRUUHVSRQGLQJ UHODWLRQ IRU S￿D Q GK H Q F H
IRU S￿￿D O V R 
6LQFH WKH VHPLQRUP T~S  S￿L VV W U R Q J H UW K D QT~S WKH LQWHJUDO  c 3 GHnQHG
XVLQJ S FRLQFLGHV ZLWK WKDW EDVHG RQ S￿￿ DQG E\ V\PPHWU\ RQ S￿ 7KXV WKH
LQWHJUDO GRHV QRW GHSHQG RQ WKH SDUWLFXODU FKRLFH RI S DQG E\ VLPLODU DUJXPHQWV RQ WKH
SDUWLFXODU FKRLFH RI  7KXV WKH GHnQLWLRQ RI WKH LQWHJUDO ZKLFK LV D FODVV RI LQGLVWLQJXLVK
DEOH SURFHVVHV LV LQGHSHQGHQW RQ WKH SDUWLFXODU FKRLFH RI D FRQWURO SDLU S :H GHQRWH
WKH FODVV RI SURFHVVHV IRU ZKLFK WKH LQWHJUDO LQ WKH DERYH VHQVH H[LVWV E\ /￿
ORF3 WKH VHW RI
ZHDNO\ SUHGLFWDEOH SURFHVVHV VDWLVI\LQJ  2QH FDQ QRWLFH WKDW WKH LQWHJUDO  c 3 LV D
SURFHVV ZKLFK FDQ EH DSSUR[LPDWHG XQLIRUPO\ LQ SUREDELOLW\ E\ ?HOHPHQWDU\ LQWHJUDOV RI
WKH IRUP 
$V XVXDO IRU DQ\ VWRSSLQJ WLPH } ZH KDYH  c 3}   ,>￿￿}@ c 3￿
6RPH SURSHUWLHV RI WKH VWRFKDVWLF LQWHJUDO DUH VXPPDUL]HG LQ WKH IROORZLQJ
AiLhi4 2e /HW   /￿
ORF37 K H Q
D WKH SURFHVV  c 3 LV D UHDO VHPLPDUWLQJDOH DQG IRU DQ\ VWRSSLQJ WLPH ~  KROGV
E WKH SURFHVV  c 3 LV FRQWLQXRXV LI 3 LV ZHDNO\ FRQWLQXRXV
F LI 3 LV D PDUWLQJDOH WKHQ  c 3 LV D ORFDOO\ VTXDUH LQWHJUDEOH PDUWLQJDOH
3URRI D ,QHTXDOLW\  KROGV IRU DOO   /￿
ORF3E \G H n Q L W L R Q 
/HW + EH D UHDO ERXQGHG HOHPHQWDU\ LQWHJUDQG JLYHQ E\ +  
3
zM,@WM￿WM￿￿@ ZKHUH zM DUH
)WMPHDVXUDEOH )RU WKH DGDSWHG ULJKWFRQWLQXRXV SURFHVV ;    c 3 ZH SXW + c ;  
3












:H HDVLO\ LQIHU IURP WKLV LQHTXDOLW\ WKDW IRU D VHTXHQFH RI ERXQGHG HOHPHQWDU\ LQWHJUDQGV +Q
XQLIRUPO\ FRQYHUJLQJ WR ]HUR WKH VHTXHQFH RI LQWHJUDOV +Q c;￿ W H Q G VW R] H U RL QS U R E D E L O L W \ 
7KXV ; LV D VHPLPDUWLQJDOH E\ WKH 'HOODFKHULH^%LFKWHOHU^0RNRERG]NL WKHRUHP VHH >@
E 7KH SURSHUW\ LV HYLGHQW IRU HOHPHQWDU\ LQWHJUDQGV ,Q WKH JHQHUDO FDVH WKH LQWHJUDO LV
GHnQHG WKURXJK XQLIRUP FRQYHUJHQFH ZKLFK SUHVHUYHV FRQWLQXLW\
F )URP WKH GHnQLWLRQ LW IROORZV WKDW IRU DQ HOHPHQWDU\ LQWHJUDQG Q WKH SURFHVV Q c 3
LV D PDUWLQJDOH DQG (MQ c 3~M￿   IRU DQ\ ~ VXFK WKDW (.￿
~  , I  P R U H R Y H U  ~ LV
VXFK WKDW WKH ULJKWKDQG VLGH RI  LV nQLWH ZH FRQFOXGH E\ WKH DSSUR[LPDWLRQ WKDW WKH
VWRSSHG SURFHVV  c 3~ L VDV T X D U HL Q W H J U D E O HP D U W L Q J D O H (
hLTLt|L? 2D /HW 3￿ 3￿ EH WZR FRQWUROOHG SURFHVVHV DQG  EH D SURFHVV LQWHJUDEOH ZLWK
UHVSHFW WR 3￿ DQG 3￿L  H   /￿3￿ ? /￿3￿7 K H Q  /￿3￿  3￿ DQG  c 3￿  3￿ 
 c 3￿   c 3￿
3URRI /HW LS L EH D FRQWURO SDLU IRU 3L VXFK WKDW ZLWK WHUPV LQGH[HG E\ LW K H
UHODWLRQ  KROGV :LWKRXW ORVV RI JHQHUDOLW\ ZH FDQ DVVXPH WKDW 8￿ DQG 8￿ DUH GLVWLQFW
3XW 8   8￿ ? 8￿ DQG GHnQH S   S￿,8￿  S￿,8￿    ￿,8￿  ￿,8￿ &OHDUO\ SL VD
FRQWURO SDLU IRU 3￿  3￿ DQG VLQFH  VDWLVnHV  WKH UHVXOW KROGV (
5HPDUN 7KH DERYH FRQVWUXFWLRQ RI WKH VWRFKDVWLF LQWHJUDO JRHV ZHOO ZLWKRXW DQ\ FKDQJHV
IRU DQ DUELWUDU\ %DQDFK VSDFH &HUWDLQO\ WKH GHnQLWLRQ RI WKH FRQWURO SDLU FDQ EH PRGLnHG
DQG JHQHUDOL]HG LQ YDULRXV ZD\V HJ RQH FDQ PRGLI\  E\ WDNLQJ WKH VXSUHPXP QRW RYHU
>~@E X WR Y H U>  ~> DV ZDV GRQH LQ >@ $ PRUH JHQHUDO LQWHJUDWLRQ WKHRU\ PHULWV D VSHFLDO
VWXG\ ZKLFK LV EH\RQG RI WKH VFRSH RI WKH SUHVHQW SDSHU
 Bi?ih@* 4L_i* Lu @ ML?_ 4@h!i|
 Ai uLh@h_ @?_ tTL| h@|it ,Q WKH PDWKHPDWLFDO GHVFULSWLRQ RI D ERQG PDUNHW LW
LV XVXDOO\ DVVXPHG WKDW IRU n[HG t  A WKH SURFHVV 3WtW >t@ JLYHV WKH G\QDPLFV RI
WKH GHIDXOWIUHH ]HURFRXSRQ ERQG ZLWK XQLW QRPLQDO YDOXH PDWXULQJ DW WLPH t( Y L G H Q W O \ 
WKLV SURFHVV PXVW EH VWULFWO\ SRVLWLYH DQG 3tt  
,W ZRXOG EH TXLWH QDWXUDO WR LPSRVH DOVR WKH FRQVWUDLQW 3Wt   EXW IROORZLQJ WKH
WUDGLWLRQ ZH GR QRW SHUVLVW RQ WKLV UHTXLUHPHQW VLQFH LW H[FOXGHV VRPH HDVLO\ WUHDWHG PRGHOV
OHDGLQJ WR H[SOLFLW IRUPXODH
,Q WKH FRQWLQXRXVWLPH PRGHOOLQJ RI ERQG PDUNHWV LQ FRQWUDVW ZLWK WKDW RI VWRFN PDUNHWV
WKH VWUDLJKWIRUZDUG VSHFLnFDWLRQ RI WKH HYROXWLRQ RI DVVHW SULFHV DV D GLmXVLRQ RU MXPS
GLmXVLRQ LV QRW FRQYHQLHQW 7KH PDLQ PHWKRGRORJ\ LV WR VWDUW ZLWK D PRGHO IRU LQWHUHVW
UDWHV WKH JHQHUDO RSLQLRQ QRZ LV LQ IDYRXU RI WKH IRUZDUG UDWH WKRXJK WKH PRGHOV EDVHG
RQ WKH VSRW UDWH KDYH WKHLU RZQ DGYDQWDJHV :H VKDOO IROORZ WKH VDPH PDLQVWUHDP RI LGHDV
DGDSWLQJ LW WR RXU DSSURDFK ZKLFK HPSKDVL]HV WKH HYROXWLRQ RI WKH ZKROH SULFH FXUYH LQ WKH
VSDFH RI FRQWLQXRXV IXQFWLRQV LQ FRQWUDVW ZLWK WKH WUDGLWLRQDO SRLQW RI YLHZ WKDW FRQVLGHUV
DV SULPDU\ REMHFW D IDPLO\ RI LQGLYLGXDO SULFH SURFHVVHV SDUDPHWHUL]HG E\ ERQG PDWXULWLHV
tt4T|L?  7KH SULFH FXUYH G\QDPLFV LV JLYHQ E\ D FRQWUROOHG SURFHVV 3   3W
7KHUH H[LVWV D &AYDOXHG DGDSWHG SURFHVV I   IW VXFK WKDW IRU DQ\ t  A







W  t 
7KH UDQGRP YDULDEOH IWtL VF D O O H GW K HLQVWDQWDQHRXV IRUZDUG VSRW UDWH DW WLPH W RI
WKH ERQG PDWXULQJ DW tR UV L P S O \W K HIRUZDUG UDWH% \ G H n Q L W L R Q  UW   IWWL VW K H
LQVWDQWDQHRXV VSRW UDWH RU VLPSO\ WKH VSRW UDWH FDOOHG LQ WKH OLWHUDWXUH DOVR WKH VKRUW UDWH
LQVWDQWDQHRXV ULVNOHVV UDWH HWF
5HPDUN 2QH FDQ DVVXPH WKDW 3Wt LV FRQWLQXRXVO\ GLmHUHQWLDEOH LQ t DQG GHnQH WKH





,Q DOPRVW DOO NQRZQ PRGHOV TXLWH RIWHQ LPSOLFLWO\ LW LV DVVXPHG WKDW WKHUH LV D WUDGHG
DVVHW WKDW SD\V LQWHUHVW UW LH WKH XQLW RI PRQH\ LQYHVWHG DW WLPH ]HUR LQ WKLV DVVHW UHVXOWV








RQH FDQ WKLQN DERXW D EDQN DFFRXQW ZLWK WKH oRDWLQJ UDWH UW
,W LV FRQYHQLHQW WR WDNH WKLV DVVHW DV D QXPu HUDLUH WKDW LV WR H[SUHVV DOO RWKHU YDOXHV LQ WKH
XQLWV RI WKLV SDUWLFXODU VHFXULW\ 3ULFHV FDOFXODWHG LQ XQLWV RI WKH QXPu HUDLUH DUH FDOOHG WKH
GLVFRXQWHG SULFHV LQ RXU FDVH WKH GLVFRXQWLQJ IDFWRU LV 5W 7KLV PHDQV WKDW WKH GLVFRXQWHG
SULFH SURFHVV = LV JLYHQ E\ WKH IRUPXOD








,W LV LQVWUXFWLYH WR XQGHUVWDQG D SRVVLEOH UHDVRQLQJ H[SODLQLQJ WKH ?H[LVWHQFH RI WKLV
QXPu HUDLUH /HW XV VSOLW WKH LQWHUYDO >W@ LQWR VPDOO VXELQWHUYDOV @WLW L￿￿@ DQG FRQVLGHU WKH
VWUDWHJ\ WR LQYHVW DW WLPH ]HUR D XQLW DPRXQW RI PRQH\ LQWR WKH ERQG PDWXULQJ DW W￿D W
WKH PRPHQW W￿ WR UHLQYHVW WKH REWDLQHG YDOXH ZKLFK LV HTXDO WR 3
b￿
￿ W￿b LQWR WKH ERQG















DQG LW DSSUR[LPDWHV 5
b￿
W  ,Q RWKHU ZRUGV WKH H[LVWHQFH RI WKH DVVHW ZLWK WKH LQWHUHVW UW
PHDQV WKDW ZH DUH DOORZHG WR H[HFXWH D UROORYHU VWUDWHJ\ RQ MXVWPDWXULQJ ERQGV ZKLFK
OHDGV WR D SRUWIROLR LQYROYLQJ D FRQWLQXXP RI VHFXULWLHV
8S WR QRZ WKH ERQG SULFH 3WtK D VE H H QJ L Y H QR Q O \I R UW  t7 RZ R U NZ L W KS U R F H V V H V
GHnQHG IRU DOO W  +￿ ZH SXW 3Wt 5
b￿
W 5t IRU W w t 2QH FDQ WKLQN WKDW DIWHU PDWXULW\
WKH ERQG LV WUDQVIHUUHG DXWRPDWLFDOO\ LQWR WKH XQLW RI PRQH\ LQ WKH EDQN DFFRXQW
7KHUH LV DQRWKHU RSWLRQ UHSDUDPHWHUL]H WKH PRGHO E\ FRQVLGHULQJ t DV WLPH WR PDWXULW\
2 Lh|uL*Lt Lu ML?_t :H GHnQH D IHDVLEOH SRUWIROLR RU WUDGLQJ VWUDWHJ\ DV D SDLU
sZ K H U H LV D 3LQWHJUDEOH SUHGLFWDEOH PHDVXUHYDOXHG SURFHVV s LV D UHDO SUHGLFWDEOH
SURFHVV ZLWK = W
￿
MsVMGV   
IRU nQLWH W
7KH YDOXH SURFHVV RI VXFK D SRUWIROLR LV JLYHQ E\
9Ws W3W  sWnW 
ZLWK n   5b￿
:H VKDOO FRQVLGHU DV DGPLVVLEOH RQO\ VWUDWHJLHV ZLWK YDOXH SURFHVVHV ERXQGHG IURP EHORZ
$ SRUWIROLR LV VDLG WR EH VHOInQDQFLQJ LI LWV LQFUHPHQWV DUH FDXVHG E\ SULFH PRYHPHQWV
RQO\ LH
9Ws [   c 3W  s c nW 
ZKHUH [ LV DQ LQLWLDO HQGRZPHQW
:H VKRZ QRZ WKDW WKH UROORYHU ?VWUDWHJ\ RI SHUPDQHQW UHLQYHVWPHQW RI WKH ZKROH
FXUUHQW YDOXH 9Wb LQ WKH MXVW PDWXULQJ ERQG ZLWKRXW LQYROYLQJ WKH ?EDQN DFFRXQW LV
DQ DGPLVVLEOH SRUWIROLR s  9bp ZKHUH 9b  9WbD Q GpW LV D XQLW PDVV RQ A
FRQFHQWUDWHG DW WKH SRLQW W DQG WKLV SRUWIROLR JLYHV ULVH WR DQ DVVHW ZLWK LQWHUHVW UDWH U
)RUPDOO\ WKLV PHDQV WKDW WKH OLQHDU HTXDWLRQ
9  9bp c 3 
KDV D VROXWLRQ WKH VROXWLRQ LV XQLTXH DQG FRLQFLGHV ZLWK n 7KH UHVXOW XQGHU FHUWDLQ
DGGLWLRQDO K\SRWKHVHV LV D FRUROODU\ RI WKH IROORZLQJ WZR OHPPDV
wi44@ 2 7KH HTXDWLRQ
9  9b c 3 
ZKHUH  LV D ORFDOO\ ERXQGHG SUHGLFWDEOH AYDOXHG SURFHVV KDV D XQLTXH VROXWLRQ LQ WKH
FODVV RI ORFDOO\ ERXQGHG SURFHVVHV ZLWK UHJXODU SDWKV
3URRI /HW : EH WKH GLmHUHQFH RI WZR VROXWLRQV 7KHQ :   :bc3 %\ ORFDOL]DWLRQ ZH


















7KXV : LV ]HUR E\ WKH *URQZDOO^%HOOPDQ OHPPD (
wi44@  $VVXPH WKDW WKH IROORZLQJ FRQGLWLRQV DUH VDWLVnHG
L WKH VSRW UDWH U LV D UHJXODU SURFHVV Ft DGOt DJ




MIWt b IWWM   
LLL LQ WKH FRQWURO SDLU S IRU WKH SULFH SURFHVV 3 WKH IXQFWLRQ S KDV WKH IRUP
SWXP MPJWXM 
ZKHUH JWtX LV ERXQGHG E\ D FRQVWDQW DQG ULJKWFRQWLQXRXV LQ W
7KHQ IRU DQ\ FRQWLQXRXV SURFHVV * ZH KDYH




3URRI 6WDQGDUG ORFDOL]DWLRQ DUJXPHQWV UHGXFH WKH SUREOHP WR WKH FDVH ZKHQ * DQG .







ZLWK WL   LW Q ,W LV UDWKHU REYLRXV WKDW

Q c 3W  
Q ;
L ￿




















GXH WR LD Q GLL






















￿,@WL￿WL￿￿@VOVGXGV   
+HQFH WKH OHIWKDQG VLGH RI  FRQYHUJHV LQ SUREDELOLW\ WR WKH VWRFKDVWLF LQWHJUDO  c 3W
DQG  KROGV (
$V D FRUROODU\ RI  ZH KDYH WKDW
npc 3W  
= W
￿
nVUVGV   nW b  
7KXV XQGHU WKH DVVXPSWLRQV RI /HPPD  WKH SURFHVV n LV WKH VROXWLRQ RI  ZKLFK LV
XQLTXH DW OHDVW LQ WKH FODVV RI ORFDOO\ ERXQGHG SURFHVVHV
5HPDUN 2QH PD\ WKLQN WKDW WKH DERYH UHDVRQLQJ LV QRW FRUUHFW LQ VRPH VHQVH VLQFH ZH
H[WHQGHG WKH ERQG SULFHV DIWHU PDWXULW\ XVLQJ WKH SURFHVV 5tn +RZHYHU WKH DSSUR[LPDWLRQ
 LV FKRVHQ LQ VXFK D ZD\ WKDW WKH FRUUHVSRQGLQJ LQWHJUDO VXP GRHV QRW LQYROYH YDOXHV
RI WKH ERQGV DIWHU PDWXULWLHV 2I FRXUVH WKH DUJXPHQWV FDQ EH UHSHDWHG IRU WKH FDVH ZKHQ
t LV WKH WLPH WR PDWXULW\
 *@ttU@|L? Lu TLh|uL*Lt
1RZ ZH FRQVLGHU GLVFRXQWHG ERQG SULFHV =Wt  5W3Wt DQG GLVFRXQWHG YDOXHV RI D
SRUWIROLR 9 =
W Ws W  5W9WWs W ZKLFK FRUUHVSRQG WR D FKRLFH RI WKH UROORYHU VWUDWHJ\ DV
WKH QXPu HUDLUH &OHDUO\ =Wt I R UW w t DQG 9 =
W s W=W  sW )RU D VHOInQDQFLQJ
SRUWIROLR ZH KDYH 9 =
W s [   c =W )URP QRZ RQ ZH VKDOO FRQVLGHU RQO\ VHOInQDQFLQJ
VWUDWHJLHV 6LQFH LQ WKLV FDVH WKH YDOXH SURFHVV KHQFH WKH SURFHVV sL VX Q L T X H O \G H n Q H GE \
WKH FRPSRQHQW ZH RPLW s LQ QRWDWLRQV
)RU SDUWLFXODU PRGHOV RI ERQG SULFHV RQH FDQ H[SHFW D UHGXQGDQF\ RI WUDGHG DVVHWV ,W
PD\ KDSSHQ WKDW D FHUWDLQ YDOXH SURFHVV FRUUHVSRQGV WR GLmHUHQW WUDGLQJ VWUDWHJLHV ,W LV
LPSRUWDQW WR GLVWLQJXLVK DOVR SRUWIROLRV WKDW LQVWDQWDQHRXVO\ LQYROYH RQO\ D nQLWH QXPEHU RI
DVVHWV 7R VWXG\ GLmHUHQW SRVVLEOH VLWXDWLRQV ZH LQWURGXFH WKH IROORZLQJ GHnQLWLRQV
:H VD\ WKDW WZR WUDGLQJ VWUDWHJLHV  DQG ￿ DUH HTXLYDOHQW LI WKH\ KDYH WKH VDPH YDOXH
SURFHVVHV 9  9 ￿ DV $ VWUDWHJ\  LV FDOOHG DQ QGLPHQVLRQDO LI IRU DQ\ W
DQG DOPRVW DOO  WKH PHDVXUH WGtL VF R Q F H Q W U D W H GD WP R V WL QQ SRLQWV RI A: H
VD\ WKDW D VWUDWHJ\  LV QUHGXFLEOH LI WKHUH H[LVWV DQ QGLPHQVLRQDO HTXLYDOHQW VWUDWHJ\ EXW
WKHUH LV QR NGLPHQVLRQDO VWUDWHJ\ ZLWK NQ  7KH GHnQLWLRQV RI FRXQWDEO\ GLPHQVLRQDO
DQG FRXQWDEO\ UHGXFLEOH VWUDWHJLHV IROORZ WKH DERYH SDWWHUQV 6RPH UHVXOWV FRQFHUQLQJ WKH
SUREOHP RI UHGXFLELOLW\ DUH JLYHQ LQ >@
e a4T_gtL? 4L_i*
 ,Q WKLV VHFWLRQ ZH FRQVLGHU PRUH VSHFLnF LQWHJUDWRUV E\ DVVXPLQJ WKDW IRU HYHU\ n[HG t
WKH UHDOYDOXHG SURFHVV 3t  3Wt LV D VHPLPDUWLQJDOH RI D UDWKHU JHQHUDO IRUP 7KLV
K\SRWKHVLV OHDGV WR D VHWWLQJ ZKLFK FRYHUV WKH PDMRULW\ RI H[LVWLQJ PRGHOV RI ERQG SULFH
SURFHVVHV DQG SURYLGHV DQ LPSRUWDQW H[DPSOH RI DSSOLFDWLRQ RI WKH WKHRU\ GHYHORSHG DERYH
0DNLQJ XVH RI WKH LPSRVHG SDUWLFXODU VWUXFWXUH ZH VXJJHVW DV DOWHUQDWLYH D PRUH H[SOLFLW
FRQVWUXFWLRQ RI WKH LQWHJUDO IRU PHDVXUHYDOXHG SURFHVVHV DQG VKRZ WKDW LW UHVXOWV LQ WKH
VDPH REMHFW
/HW 3   3WE HD&AYDOXHG SURFHVV VXFK WKDW IRU DQ\ t  A WKH UHDO SURFHVV 3t 












JV[txGVG[ b yGVG[ 
ZKHUH Z LV D :LHQHU SURFHVV ZLWK YDOXHV LQ +Q xGWG[L VD3l;}nQLWH LQWHJHUYDOXHG
UDQGRP PHDVXUH DGDSWHG WR WKH nOWUDWLRQ yGWG[ wW[G[ LV LWV FRPSHQVDWRU
GXDO SUHGLFWDEOH SURMHFWLRQ ;;L VD/ X V L QV S D F H L QD S S O L F D W L R Q V X V X D O O \ ;   +Q
RU ;    RU D nQLWH VHW JtL VD3l;PHDVXUDEOH IXQFWLRQ 3 LV WKH SUHGLFWDEOH
}DOJHEUD LQ l d +￿ 7KH FRHpFLHQWV PXVW EH VXFK WKDW DOO LQWHJUDOV DUH ZHOOGHnQHG DQG
WKLV UHTXLUHPHQW LV PHW RI FRXUVH E\ WKH IROORZLQJ
tt4T|L? e 7KH FRHpFLHQWV RI  DUH FRQWLQXRXV LQ t Dt DQG }t DUH SUHGLFWDEOH







￿GV   DV 






￿yGVG[   DV 
3XW eW   W ,Q WKH VWDQGDUG QRWDWLRQV RI WKH VWRFKDVWLF FDOFXOXV IRU VHPLPDUWLQJDOHV
 FDQ EH ZULWWHQ DV IROORZV
3Wt [tDt c eW  }t c ZW  Jt e x b yW 


















ZKHUH 1L DUH LQGHSHQGHQW 3RLVVRQ SURFHVVHV ZLWK LQWHQVLWLHV wL
W
2 /HW  EH D SUHGLFWDEOH AYDOXHG SURFHVV VXFK WKDW IRU DOO nQLWH W
= W
￿
















HWF )RU  VDWLVI\LQJ  ^  ZH SXW











VJV[xGVG[ b yGVG[ 
ZKHUH WKH nUVW LQWHJUDO LQ WKH ULJKWKDQG VLGH LV WKH RUGLQDU\ /HEHVJXH LQWHJUDO DQG WKH
VHFRQG DQG WKH WKLUG RQHV DUH WKH XVXDO VWRFKDVWLF LQWHJUDOV ,Q DEEUHYLDWHG QRWDWLRQV RQH
FDQ ZULWH  DV
 p 3W  D c eW  } c ZW  J e x b yW 
hLTLt|L? e2 D 8QGHU $VVXPSWLRQ  WKH SURFHVV 3t LV FRQWUROOHG DQG c3W   p3W
IRU  ( E
E ,I PRUHRYHU IRU nQLWH W = W
￿
NDVN
￿GV   
DQG  LV D SUHGLFWDEOH SURFHVV VXFK WKDW  ^  DUH IXOnOOHG DQG DOVR
= W
￿
MVMGV   
IRU W WKHQ   /￿
ORF3 DQG  c 3    p 3
3URRI  D 1 R W L F HW K D WI R U ( E RI WKH IRUP    ,bd@W￿￿W￿@P ZH KDYH E\ WKH GHnQLWLRQV
DQG WKH )XELQL WKHRUHPV IRU RUGLQDU\ DQG VWRFKDVWLF LQWHJUDOV VHH $SSHQGL[ WKDW

















































xGVG[ b yGVG[    p 3
7R VKRZ WKDW 3 LV D FRQWUROOHG SURFHVV LW LV VXpFLHQW WR FKHFN WKDW HDFK LQWHJUDO LQ 
GHnQHV D FRQWUROOHG SURFHVV




















W   
= W
￿
NDVNGV SDVV  MVDVMNDVN
j
DQG j LV WKH ?SVHXGRLQYHUVH Ej   Eb￿ IRU E   D Q G j  
































































W    >W@ d ;
SJV[V  MVJV[MNJV[N
j
7KXV 3 LV D FRQWUROOHG SURFHVV





























,Q YLHZ RI 3URSRVLWLRQ  LW LV VXpFLHQW WR FRQVLGHU WKH FDVH ZKHQ WKHUH LV RQO\ RQH LQWHJUDO
LQ WKH UHSUHVHQWDWLRQ  RI 3 (J DVVXPH WKDW 3Wt LV VLPSO\ WKH LQWHJUDO ZLWK UHVSHFW
WR Z/ H W~ EH WKH PLQLPXP RI 1! DQG WKH KLWWLQJ WLPH RI WKH OHYHO 1 E\ WKH SURFHVV 5 ￿
￿ N}VN￿GV 7KHQ WKH SURFHVV  VDWLVI\LQJ  LV LQ /￿
~S}. } DQG WKH FRQYHUJHQFH RI








+HQFH IRU WKH DSSUR[LPDWLQJ VHTXHQFH RI HOHPHQWDU\ LQWHJUDQGV ZH KDYH WKDW Q c 37  
Q p 37 DSSURDFK VLPXOWDQHRXVO\  c 37 DQG  p 3 7 (
5HPDUN 7KH GHnQLWLRQ  GRHV QRW UHTXLUH QHLWKHU FRQWLQXLW\ RI 3W DQG RI WKH FRHp
FLHQWV RI  LQ t QRU WKH LQWHJUDELOLW\ FRQGLWLRQV  ^ 
D , t|i?Ui Lu @? i^@*i?| 4@h|?}@*i 4i@thi uLh
|i 4T_utL? 4L_i*
 6hL4 uLh@h_ h@|it |L ThUi Uhit 6XSSRVH WKDW D ERQG SULFH SURFHVV LV VSHFLnHG
WKURXJK IRUZDUG UDWHV LH IRU t  +￿







W  t 






tt4T|L? D 7KH G\QDPLFV RI WKH IRUZDUG UDWHV LV JLYHQ E\
GI Wt mWtGW  }WtGZW 
=
;
pW[txGWG[ b yGWG[ 
ZKHUH Z L VDV W D Q G D U G: L H Q H US U R F H V VL Q+Q x LV D 3l;}nQLWH UDQGRP PHDVXUH RQH
FDQ WKLQN WKDW LW LV WKH MXPS PHDVXUH RI D VHPLPDUWLQJDOH ZLWK WKH FRQWLQXRXV FRPSHQVDWRU
yGWG[ WKH FRHpFLHQWV DUH FRQWLQXRXV LQ t WKH IXQFWLRQV mWt DQG }Wt DUH 3l% ￿
PHDVXUDEOH DQG pW[t LV 3l;l% ￿PHDVXUDEOH



















￿GVyGXG[   
,W LV FRQYHQLHQW WR H[WHQG WKH GHnQLWLRQV RI WKH FRHpFLHQWV E\ SXWWLQJ WKHP HTXDO WR ]HUR
IRU tW 














,Q SDUWLFXODU IRU WKH VSRW UDWH UW   IWWZ HK D Y H












1RWLFH WKDW WKH LQWHJUDELOLW\ FRQGLWLRQV  ^  DUH IXOnOOHG LI WKH FRHpFLHQWV DUH
ERXQGHG IRU W DQG t IURP D ERXQGHG VHW E\ D FRQVWDQW GHSHQGLQJ RQ  DQG WKH VHW DQG














7KH G\QDPLFV RI WKH SULFH FXUYH LV JLYHQ E\ WKH IROORZLQJ















DQG VDWLVnHV WKH OLQHDU VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ
G=Wt
=Wbt



































































































DFFRUGLQJ WR RXU GHnQLWLRQV  ^  DQG VLQFH WKH VXP RI WKH IRXU LQWHJUDOV LQ WKH OHIW
KDQG VLGH RI WKH ODVW HTXDOLW\ DJDLQ E\ WKH )XELQL WKHRUHPV FRLQFLGHV ZLWK WKH H[SUHVVLRQ





















7KXV  LV SURYHG %\ WKH ,WR IRUPXOD ZH JHW IURP  WKDW
G=Wt =Wbt
K












’￿W￿[￿t￿ b  b 'W[txGWG[
L
DQG  KROGV (
2 Mti?Ui Lu @hM|h@}i @?_ _)?@4Ut ?_ih @ 4@h|?}@*i 4i@thi $V XVXDO
ZH VKDOO XVH WKH QRWDWLRQ W   M)W WKH UHVWULFWLRQ RI  WR WKH }DOJHEUD )W
/HW 4 EH WKH VHW RI DOO SUREDELOLW\ PHDVXUHV a  ZLWK a W z W IRU DOO nQLWH W DQG VXFK WKDW
WKH GLVFRXQWHG ERQG SULFH SURFHVV =W   5W3WtL VDO R F D Oa PDUWLQJDOH IRU HYHU\ t  A
:H VD\ WKDW D PRGHO KDV WKH (00SURSHUW\ LI WKH VHW 4 LV QRQHPSW\
:H EHJLQ ZLWK D FRPPHQW FRQFHUQLQJ WHUPLQRORJ\ ,Q WKH OLWHUDWXUH RQ WKH WHUP VWUXFWXUH
RI LQWHUHVW UDWHV WKH (00SURSHUW\ RU LWV VOLJKW PRGLnFDWLRQ LV TXLWH RIWHQ UHIHUUHG WR DV
DEVHQFH RI DUELWUDJH 7KLV LV UDWKHU FRQIXVLQJ VLQFH LW ZRXOG EH PRUH FRQVLVWHQW DV LW LV
XVXDOO\ GRQH LQ WKH WKHRU\ RI VWRFN PDUNHWV WR VHSDUDWH WKH ?QRDUELWUDJH RU ?QRIUHH
OXQFK SURSHUWLHV ZKLFK KDYH D WUDQVSDUHQW HFRQRPLFDO PHDQLQJ LPSRVVLELOLW\ WR REWDLQ
?SURnWV ZLWKRXW ?ULVN IURP WKH PRUH PDWKHPDWLFDOO\ FRQYHQLHQW EXW GLpFXOW WR LQWHUSUHW
(00SURSHUW\ :H XVH WKH TXRWDWLRQ PDUNV DERYH VLQFH WKH PHQWLRQHG FRQFHSWV VKRXOG EH
ULJRURXVO\ GHnQHG RQH FDQ nQG GLmHUHQW YDULDQWV LQ >@ ZKHUH WKH SUREOHP RI QRDUELWUDJH
LV VROYHG IRU D FRQWLQXRXVWLPH PDUNHW PRGHO ZLWK D nQLWH QXPEHU RI DVVHWV VHH DOVR >@
IRU DQ DSSURDFK EDVHG RQ WKH QRWLRQ RI D ODUJH nQDQFLDO PDUNHW 2I FRXUVH (00SURSHUW\
DOZD\V LPSOLHV QRDUELWUDJH VHH 6HFWLRQ  LQ >@
7KH (00SURSHUW\ LPSOLHV WKDW WKH FRHpFLHQWV RI WKH PRGHO DUH LQWHUUHODWHG DQG FDQQRW
EH FKRVHQ LQ DQ DUELWUDU\ ZD\ 7KH IROORZLQJ UHVXOW JHQHUDOL]LQJ WKH ZHOONQRZQ REVHUYDWLRQ
RI +HDWK^-DUURZ^0RUWRQ >@ IRU WKH GLmXVLRQ FDVH UHYHDOV WKLV IDFW LQ D UHPDUNDEO\ VLPSOH
ZD\ ZKHQ WKH PRGHO LV VSHFLnHG XQGHU D ORFDO PDUWLQJDOH PHDVXUH















’￿V￿[￿t￿ b  b 'V[tyGVG[    
IRU DQ\ W  +￿
,Q WKH SDUWLFXODU FDVH ZKHQ yGWG[ wWG[GW WKH SUREDELOLW\  4Lm  KROGV





’￿W￿[￿t￿ b  b 'W[twWG[    
GGWDH
3URRI  8QGHU  WKH UHSUHVHQWDWLRQ  FDQ EH UHZULWWHQ LQ WKH IROORZLQJ ZD\
G=Wt
=Wbt









’￿W￿[￿t￿ b  b 'W[tyGWG[ 
,W IROORZV IURP  WKDW WKH SURFHVV >=bt@
b￿ c =t LV D ORFDO PDUWLQJDOH KHQFH =tL V
DOVR D ORFDO PDUWLQJDOH LH  4 
 ,Q WKLV FDVH WKH SURFHVV 0  >=bt@
b￿ c =t LV D ORFDO PDUWLQJDOH /HW x0
EH WKH MXPS PHDVXUH RI 0 DQG y0 EH LWV FRPSHQVDWRU %\ ,, LQ >@ ZH KDYH WKDW
M[MAM [M￿ e y0
W   IRU nQLWH W+ H Q F H
MH
’ b MAM H
’ b M




6LQFH M'M￿ e yW   WKH SURSHUW\  KROGV E\ YLUWXH RI WKH HOHPHQWDU\ LQHTXDOLW\
H
’ b  b '  &MH




ZKHUH & LV D FRQVWDQW 8VLQJ  ZH LQIHU WKDW 0 LV D ORFDO PDUWLQJDOH RQO\ LI WKH SURFHVV
JLYHQ E\ WKH OHIWKDQG VLGH RI  LV LQGLVWLQJXLVKDEOH IURP ]HUR (
5HPDUN 2QH FDQ REVHUYH WKDW WKH K\SRWKHVLV yGWG[ wWG[GW LV QRW D UHVWULFWLRQ
VLQFH  DFWXDOO\ LPSOLHV WKLV VWUXFWXUH RQ WKH VHW ZKHUH x KDV DQ HmHFW RQ WKH SULFH
FXUYH G\QDPLFV :H OHDYH WKH IRUPDO VWDWHPHQW WR WKH UHDGHU
  4T_gtL? 4L_i* ? |i h@Uiti*@ T@h@4i|ih3@|L? 4XLWH
UHFHQWO\ %UDFH DQG 0XVLHOD >@ VHH DOVR >@ REVHUYHG WKDW LQ VRPH DVSHFWV LW LV PRUH
QDWXUDO WR GHVFULEH WKH IRUZDUG UDWH LQ WKH +HDWK^-DUURZ^0RUWRQ PRGHO XVLQJ DQRWKHU
SDUDPHWHUL]DWLRQ QRW LQ WHUPV RI PDWXULW\ WLPH EXW LQ WHUPV RI WLPH WR PDWXULW\, Q
SDUWLFXODU LQ WKHLU YHUVLRQ WKH G\QDPLFV RI WKH IRUZDUG UDWH FXUYH XQGHU DQ HTXLYDOHQW
PDUWLQJDOH PHDVXUH LV JLYHQ E\ D YHU\ VLPSOH VWRFKDVWLF GLmHUHQWLDO HTXDWLRQ LQ WKH VSDFH RI
FRQWLQXRXV IXQFWLRQV
$VVXPH WKDW WKH &+￿YDOXHG DGDSWHG SURFHVV UW  IWW   LV VXFK WKDW IRU DQ\ X












sV[Xx xGVG[  



















￿GVyGXG[   
hLTLt|L? De )RU WKH IRUZDUG UDWHV JLYHQ E\  WKH GLVFRXQWHG ERQG SULFH SURFHVV






















































































+￿W￿[￿t￿ b  b +W[tyGWG[ 
6LQFH
G=Wt G)Wt b W b
#)Wt b W
#[
GW   G)Wt b W=WtUWt b WGW
WKH HTXDWLRQ  LPSOLHV  (
6LPLODUO\ WR 3URSRVLWLRQ  ZH JHW DV D FRUROODU\ D FHUWDLQ UHODWLRQ EHWZHHQ WKH FRHp
FLHQWV IRU WKH FDVH ZKHQ WKH EDVLF SUREDELOLW\ LV D PDUWLQJDOH PHDVXUH






+￿W￿[￿X￿ b  b +W[XwWG[GW   
IRU nQLWH W DQG XD Q G










+￿W￿[￿X￿ b  b +W[XwWG[  
DQG WKH IXQFWLRQV %WX7 WXD Q G+W[X DUH GHnQHG E\  ^ 
5HPDUN 7KH UHODWLRQ  LPSOLHV XQGHU D PLOG LQWHJUDELOLW\ DVVXPSWLRQ WKDW UW






















2QH FDQ GHGXFH IURP   WKDW LI WKH PRGHO LV VSHFLnHG XQGHU D PDUWLQJDOH PHDVXUH
WKHQ WKH G\QDPLFV RI WKH IRUZDUG UDWH FXUYH LV JLYHQ E\ WKH IROORZLQJ VWRFKDVWLF HYROXWLRQ
HTXDWLRQ















+￿W￿[￿￿￿ b sW[wWG[ 
e L_i*?} ?_ih |i LMiU|i ThLM@M*|) )RU WKH FDVH ZKHQ  LV D PDUWLQJDOH
PHDVXUH WKH UHODWLRQV EHWZHHQ FRHpFLHQWV RI WKH PRGHO IRU IRUZDUG UDWHV DUH VLPSOH DQG
HDV\ WR WUHDW &HUWDLQO\ WKH REMHFWLYH SUREDELOLW\ QHHG QRW WR EH D PDUWLQJDOH PHDVXUH DQG
QRZ ZH LQYHVWLJDWH FRQVHTXHQFHV RI WKH (00SURSHUW\ IRU WKLV JHQHUDO FDVH DVVXPLQJ IRU
VLPSOLFLW\ WKDW yGWG[ wWG[GW
hLTLt|L? DS /HW a  4  7KHQ WKHUH H[LVW D SUHGLFWDEOH SURFHVV 
 ZLWK YDOXHV LQ +Q












< V[ b 
￿wVG[GV   
IRU nQLWH W VXFK WKDW
 WKH SURFHVV





LV :LHQHU ZLWK UHVSHFW WR a 
 WKH UDQGRP PHDVXUH a y   <yLV WKH a FRPSHQVDWRU RI x






’￿V￿[￿t￿ b ,I’￿V￿[￿t￿!OQ￿J< V[wVG[GV   
IRU nQLWH W DQG t






’￿W￿[￿t￿ b < W[ b 'W[t@wWG[    
GGWDH
3URRI ([LVWHQFH RI 
 ZLWK WKH SURSHUW\  DQG VDWLVI\LQJ  LV JLYHQ E\ WKH FODVVLFDO
*LUVDQRY WKHRUHP VHH 7K ,,, LQ >@ IRU D JHQHUDO YHUVLRQ ([LVWHQFH RI < w  ZLWK
WKH SURSHUW\  IROORZV IURP WKH *LUVDQRY WKHRUHP IRU UDQGRP PHDVXUHV 7K ,,, LQ
>@ 6LQFH a  DQG  DUH ORFDOO\ HTXLYDOHQW RQH FDQ FKRRVH < WR EH VWULFWO\ SRVLWLYH 7KH
SURSHUW\  KROGV EHFDXVH E\ 7K ,9 LQ >@ WKH SURFHVV 
S
< b￿ey LV GRPLQDWHG
E\ WKH +HOOLQJHU SURFHVV K a  ZKLFK LV nQLWH a DV DQG KHQFH DV DFFRUGLQJ WR
7K ,9 LQ >@
/HW x0￿t EH WKH MXPS PHDVXUH RI WKH VHPLPDUWLQJDOH 0  >=bt@
b￿ c =tK D Y L Q JW K H
UHSUHVHQWDWLRQ  1RWLFH WKDW c0W  
5


















’￿W￿[￿t￿ b < W[yGWG[
7KH SURFHVV 0 LV D VSHFLDO VHPLPDUWLQJDOH ZLWK UHVSHFW WR a + H Q F H  E \ 3 U R S R V L W L R Q
,, LQ >@ X,IMXM!￿J e a y
0￿t
W   IRU nQLWH W DQG  KROGV











DQG IXUWKHUPRUH E\ VLPSOH WUDQVIRUPDWLRQV
H
’ b ,I’!OQ￿J e x   H
’ b ,I’!OQ￿J e x b <yW  H
’ b ,I’!OQ￿J< e y
',IM’M￿￿J e x b y ',IM’M￿￿J e x b <yW  ',IM’M￿￿J< b  e y
>H
’ b ,I’￿OQ￿J b ',IM’M￿￿J@ e x   ) e x b <y>  H
’ b ,I’￿OQ￿J b ',IM’M￿￿J@< e y
ZKHUH )  H’ b ,I’￿OQ￿J b ',IM’M￿￿J 7KH ULJKWKDQG VLGHV RI WKHVH LGHQWLWLHV DUH ZHOO
GHnQHG DQG JLYH WKH FDQRQLFDO GHFRPSRVLWLRQV ZLWK UHVSHFW WR a  RI VSHFLDO VHPLPDUWLQJDOHV
6XEVWLWXWLRQ WR  VKRZV WKDW WKH SUHGLFWDEOH SURFHVV LQ WKH FDQRQLFDO GHFRPSRVLWLRQ RI










’￿W￿[￿t￿ b < W[ b 'W[t@yGWG[
%XW LW PXVW EH ]HUR DQG ZH JHW  (
7KH DERYH SURSRVLWLRQ PHDQV WKDW LI a  4WKHQ WKH ?LQWHJUDO HTXDWLRQV  IRU
DOPRVW DOO WK D Y HDQ R Q H P S W \V H WR IV R O X W L R Q V 
< Z K H U H
  +Q < w 
S
< b  
/￿;wW 0RUHRYHU RQH FDQ FKRVH LQ WKHVH VHWV D FHUWDLQ PHDVXUDEOH VHOHFWRU VXFK WKDW WKH
LQWHJUDELOLW\ SURSHUWLHV   DQG  DUH IXOnOOHG
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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,Q WKH FDVH ZKHQ wW;   WKLV LPSOLHV WKDW
=
;
M'W[tMwW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   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ZKLFK ZLOO EH XVHG ODWHU
1RZ ZH GLVFXVV WKH UHFLSURFDO DVVHUWLRQ WR 3URSRVLWLRQ  6WDUWLQJ IURP  DQG <! 






















 b < V[yGVG[

$V XVXDO LQ WKH *LUVDQRY WKHRU\ LW PD\ QRW EH D WUXH PDUWLQJDOH HYHQ LI WKH SDLU 
< 
RULJLQDWHV IURP a  E\ 3URSRVLWLRQ   LQFOXGLQJ WKLV SURSHUW\ DV DQ DGGLWLRQDO K\SRWKHVLV
LH DVVXPLQJ WKDW (|W   W  + ZH FDQ GHnQH WKH SUREDELOLW\ PHDVXUHV E W   |W IRU
nQLWH W +RZHYHU D PHDVXUH E  VXFK WKDW E W
W   E W VWLOO PD\ QRW H[LVW DQG RQH PXVW H[FOXGH
WKLV XQSOHDVDQW VLWXDWLRQ UHODWHG WR ?QRQFRPSDFWQHVV RI WKH VWRFKDVWLF EDVLV
:H VD\ WKDW D VWRFKDVWLF EDVLV LV VXpFLHQWO\ ULFK LI IRU DQ\ IDPLO\ RI SUREDELOLW\ PHDVXUHV
IE WJ ZLWK WKH SURSHUW\ E W
V   E V
V IRU DOO V  W WKHUH H[LVWV D PHDVXUH E  RQ ) VXFK WKDW
E W
W   E W
6LQFH XQGHU WKH SUREDELOLW\ PHDVXUH E  ZKLFK LV ORFDOO\ HTXLYDOHQW WR  ZLWK WKH GHQVLW\
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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WKH DUJXPHQWV DERYH OHDG WR WKH IROORZLQJ
hLTLt|L? D. 6XSSRVH WKDW WKH VWRFKDVWLF EDVLV LV VXpFLHQWO\ ULFK DQG WKDW WKH PHDVXU
DEOH IXQFWLRQV 
 DQG < W[ !  VDWLVI\     DQG (|W  IRU DOO
nQLWH W 7KHQ WKH VHW 4 LV QRQHPSW\
5HPDUN 7R DYRLG WKH FRQGLWLRQ RQ WKH VWRFKDVWLF EDVLV ZKLFK LV QRW YHU\ HVWKHWLF RQH
FDQ ZRUN ZLWK D VHW RI GHQVLW\ SURFHVVHV RU ?PDUWLQJDOH GHQVLWLHV VHH >@ LPSRVLQJ LQVWHDG
WKH PRUH UHVWULFWLYH DVVXPSWLRQ WKDW (|￿   WKHQ 4 ZLOO FRQWDLQ D SUREDELOLW\ ZKLFK LV
DEVROXWHO\ FRQWLQXRXV ZLWK UHVSHFW WR 
S N?^i?itt Lu |i 4@h|?}@*i 4i@thi @?_ 4@h!i|
UL4T*i|i?itt
 1RZ ZH VWXG\ WKH UHODWLRQ EHWZHHQ XQLTXHQHVV RI WKH PDUWLQJDOH PHDVXUH WKLV PHDQV
WKDW WKH VHW 4 LV D VLQJOHWRQ DQG PDUNHW FRPSOHWHQHVV 7KH PRGHO LV WKH VDPH DV LQ 6HFWLRQ
 EXW WKH IROORZLQJ DGGLWLRQDO K\SRWKHVHV ZLOO EH DVVXPHG WKURXJKRXW WKH HQG RI WKH VHFWLRQ
tt4T|L? S 3UHGLFWDEOH UHSUHVHQWDWLRQ SURSHUW\ $Q\ ORFDO PDUWLQJDOH 0 ZLWK UH
VSHFW WR  KDV WKH IRUP
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











yGVG[   
IRU nQLWH W
/HW WKH nOWUDWLRQ 6 EH JHQHUDWHG E\ Z DQG x 7KHQ WKHUH DUH WZR LPSRUWDQW DQG ZHOO
NQRZQ FDVHV ZKHQ WKH SUHGLFWDEOH UHSUHVHQWDWLRQ SURSHUW\ KROGV
D x LV D 3RLVVRQ UDQGRP PHDVXUH LH y LV GHWHUPLQLVWLF
E x LV WKH PHDVXUH DVVRFLDWHG ZLWK D PXOWLYDULDWH SRLQW SURFHVV LQ WKH VHQVH RI >@ RU
>@ ZLWK DQ H[WUD UHTXLUHPHQW WKDW y>W@ d ;   IRU nQLWH WD Q GQ   QR :LHQHU
SURFHVV
,W WXUQV RXW WKDW LQ WKH ODWWHU FDVH WKH UHSUHVHQWDWLRQ SURSHUW\ KROGV IRU DUELWUDU\ Q7 R
SURYH WKLV RQH FDQ XVH WKH FULWHULD 7K ,,, RI >@ DQG DUJXLQJ ZLWK WKH FRQGLWLRQDO
GLVWULEXWLRQV RI x JLYHQ Z   \ VKRZ WKH XQLTXHQHVV RI D PHDVXUH RQ )￿ VXFK WKDW Z LV D
:LHQHU SURFHVV DQG x KDV y DV FRPSHQVDWRU
1RWLFH WKDW WKH SUHGLFWDEOH UHSUHVHQWDWLRQ SURSHUW\ LV SUHVHUYHG XQGHU D ORFDOO\ DEVROXWH
FRQWLQXRXV FKDQJH RI WKH SUREDELOLW\ PHDVXUH VHH &K ,,, RI >@ IRU DQ H[WHQGHG GLVFXVVLRQ
1RZ DOO GHQVLW\ SURFHVVHV KDYH WKH IRUP JLYHQ E\  KHQFH WKH\ DUH XQLTXHO\ GHnQHG
E\ WKH *LUVDQRY WUDQVIRUPDWLRQ SDUDPHWHUV 
 DQG <  DQG RQH FDQ FRPELQH 3URSRVLWLRQV 
DQG  LQ WKH IROORZLQJ
hLTLt|L? S2 6XSSRVH WKDW $VVXPSWLRQ  LV IXOnOOHG DQG WKH VWRFKDVWLF EDVLV LV VXp
FLHQWO\ ULFK 7KHQ 4    Lm WKHUH DUH PHDVXUDEOH IXQFWLRQV 
 DQG < W[ !  VDWLVI\LQJ
    DQG (|W  IRU DOO nQLWH W
8QGHU WKH PHDVXUH a 3 GHnQHG E\ WKH GHQVLW\ SURFHVV | WKH SURSHUWLHV  DQG  RI 3URSR
VLWLRQ  KROG
2 @h|?}@*i LTih@|Lht @?_ ?^i?itt Lu |i 4@h|?}@*i 4i@thi 2QH
FDQ REVHUYH WKDW WKH H[LVWHQFH UHVXOWV LQYROYH ?VSDFHWLPH LQWHJUDELOLW\ FRQGLWLRQV DQG DOVR
?LQVWDQWDQHRXV LGHQWLWLHV  RU  5HJDUGLQJ WKH ODWWHU DV LQWHJUDO HTXDWLRQV LW
LV HDV\ WR IRUPXODWH WKH XQLTXHQHVV UHVXOWV LQ WHUPV RI LQMHFWLYHQHVV RI WKH FRUUHVSRQGLQJ
RSHUDWRUV
:H LQYHVWLJDWH WKH SUREOHP XQGHU
tt4T|L? S D 7KH SURFHVV wW; LV nQLWH
E )RU DOPRVW DOO W DQG 1 WKHUH H[LVWV F1W   VXFK WKDW M'W[tMF1W
IRU DOO [  ; DQG t  1
/HW XV FRQVLGHU WKH IDPLO\ RI FRQWLQXRXV OLQHDU RSHUDWRUV
.W+
Q d /
￿;;w WG[  &+￿ 
GHnQHG E\
.W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:H VKDOO UHIHU WR . DV ?WKH PDUWLQJDOH RSHUDWRUV
,Q YLHZ RI 3URSRVLWLRQ  WKH IROORZLQJ UHVXOW LV DOPRVW HYLGHQW
hLTLt|L? Se 8QGHU $VVXPSWLRQV  DQG  VXSSRVH WKDW 4   7 K H Q4 LV D VLQJOH
WRQ Lm G3GWDH
.HU.W   
LhL**@h) SD 6XSSRVH WKDW WKH PRGHO FRHpFLHQWV mW7 }W7 pW[7D Q GwWG[ DUH
GHWHUPLQLVWLF DQG WKH PDUWLQJDOH PHDVXUH 4 LV XQLTXH 7KHQ WKH *LUVDQRY WUDQVIRUPDWLRQ
SDUDPHWHUV 
 DQG < DUH GHWHUPLQLVWLF IXQFWLRQV LH XQGHU 4 WKH SURFHVV a : LV D :LHQHU
SURFHVV ZLWK GULIW DQG x LV D 3RLVVRQ PHDVXUH
3URRI 7KH RSHUDWRUV .W GR QRW GHSHQG RI  DQG KHQFH RXWVLGH WKH H[FOXVLYH G3GWQXOO
VHW WKH YDOXHV RI WKH *LUVDQRY WUDQVIRUPDWLRQ SDUDPHWHUV FRUUHVSRQGLQJ WR D n[HG W EXW
GLmHUHQW  PXVW VDWLVI\ WKH VDPH HTXDWLRQ  ZKLFK KDV D XQLTXH VROXWLRQ E\  (
1RWLFH WKDW WKH RSHUDWRUV .W DUH LQWHJUDO RSHUDWRUV RI WKH nUVW NLQG
LhL**@h) SS 6XSSRVH LQ DGGLWLRQ WR WKH K\SRWKHVHV RI &RUROODU\  WKDW mW7 m7b
W }W7 }7 b W pW[7 p7 b W[D Q GwWG[ wG[ 7KHQ WKH *LUVDQRY
WUDQVIRUPDWLRQ SDUDPHWHUV 
 DQG < GR QRW GHSHQG DOVR RQ W LH XQGHU WKH XQLTXH PHDVXUH
4 4WKH SURFHVV a : LV D :LHQHU SURFHVV ZLWK D FRQVWDQW GULIW DQG x LV D 3RLVVRQ PHDVXUH
LQYDULDQW XQGHU WLPH WUDQVODWLRQV
7KH GHnQLWLRQ  EHLQJ YHU\ VLPSOH nWV ZHOO WKH DERYH FODLPV +RZHYHU LW KDV D
FHUWDLQ GUDZEDFN EHFDXVH LW LQYROYHV WKH VSDFH &+￿ ZLWK WKH XQSOHDVDQW GXDO $V ZH VKDOO
VHH EHORZ LW LV UDWKHU QDWXUDO WR PRGLI\ D ELW WKH GHnQLWLRQ RI WKH PDUWLQJDOH RSHUDWRUV DQG
LPSRVH WKH IROORZLQJ FRQVWUDLQW RQ WKH PRGHO
tt4T|L? S. 7KHUH H[LVWV D SRVLWLYH SUHGLFWDEOH SURFHVV &   &W VXFK WKDW
=WbMH
’￿W￿￿￿￿￿ b M&W DH
DQG
OLP
t￿￿=Wbt6Wt   OLP
t￿￿=WbtH
’￿W￿[￿t￿ b    
/HW &￿
+￿ EH WKH VSDFH RI FRQWLQXRXV IXQFWLRQV RQ +￿ FRQYHUJLQJ WR ]HUR DW LQnQLW\ 1RWLFH
WKDW &￿e
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;w W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  &
￿
+￿ 
,Q RWKHU ZRUGV .=
W  LV WKH SURGXFW RI WKH RSHUDWRU .W DQG WKH RSHUDWRU =WR I
PXOWLSOLFDWLRQ E\ WKH IXQFWLRQ =Wb VR RQH FDQ ZULWH WKDW .=
W   =W.W& O H D U O \  W K H
DERYH UHVXOWV KROG DOVR ZLWK . VXEVWLWXWHG E\ .= EXW WKH PRGLnHG GHnQLWLRQ DOORZV WR
H[SORLW D GXDOLW\ DULVLQJ LQ WKH SUREOHP RI PDUNHW FRPSOHWHQHVV
 Oi_}?} LTih@|Lht @?_ 4@h!i| UL4T*i|i?itt 8VLQJ nQDQFLDO WHUPLQRORJ\ ZH
VD\ WKDW D ERXQGHG FRQWLQJHQW 7FODLP f ZKLFK LV MXVW D UDQGRP YDULDEOH f  /￿)7
LV KHGJHDEOH RU UHSOLFDEOH LI WKHUH LV D ML?_i_ GLVFRXQWHG YDOXH SURFHVV 9 = VXFK WKDW
f 9 =
7  LH WKHUH H[LVW D VWUDWHJ\  DQG DQ LQLWLDO HQGRZPHQW [ VXFK WKDW f   [   p =7
DQG WKH LQWHJUDO  p =7 LV ERXQGHG RQ >7@
7KH ERQG PDUNHW LV VDLG WR EH FRPSOHWH LI DOO ERXQGHG 7FODLPV DUH KHGJHDEOH IRU HYHU\
7  +￿ DQG DSSUR[LPDWHO\ FRPSOHWH LI IRU DQ\ ERXQGHG 7FODLP f WKHUH H[LVWV D VHTXHQFH
RI KHGJHDEOH 7FODLPV fQ FRQYHUJLQJ WR f LQ /￿4I R UV R P H4 4 
:H GHOLEHUDWHO\ UHVWULFW RXUVHOYHV WR ERXQGHG FODLPV LQ WKH DERYH GHnQLWLRQV VLQFH WKH
VSDFH /￿ DV ZHOO DV /￿ LV LQYDULDQW XQGHU DQ HTXLYDOHQW FKDQJH RI SUREDELOLW\ PHDVXUH
UHFDOO WKDW FRQYHUJHQFH LQ SUREDELOLW\ FDQ EH H[SUHVVHG LQ WHUPV RI FRQYHUJHQFH DV RI
VXEVHTXHQFHV :H PD\ WKXV DVVXPH IURP QRZ RQ WR WKH HQG RI WKLV VXEVHFWLRQ PDLQO\
IRU QRWDWLRQDO FRQYHQLHQFH WKDW WKH PRGHO LV VSHFLnHG ?_ih @ 4@h|?}@*i 4i@thiL  H 
 4  DQG PRUHRYHU WKLV LV H[DFWO\ WKH PHDVXUH ZKLFK LV LQYROYHG LQ WKH GHnQLWLRQ RI WKH
DSSUR[LPDWH FRPSOHWHQHVV
5HPDUN 1RWLFH WKDW LQWHJUDELOLW\ DVVXPSWLRQV XQGHU D PDUWLQJDOH PHDVXUH PDGH LQ WKH
GHnQLWLRQV RI FRPSOHWHQHVV RQ FODLPV WR EH KHGJHG ZKLFK RQH FDQ REVHUYH LQ WKH OLWHUDWXUH
DUH UDWKHU DZNZDUG DQG HYHQ LQFRQVLVWHQW LQ WKH FRQWH[W RI WKH SUREOHP FRQVLGHUHG KHUH WKDW
GHDOV ZLWK SURSHUWLHV RI 4
:H FRQVLGHU WKH IDPLO\
.
=e
W  +￿  +
Q d /
￿;;w WG[ 
RI KHGJLQJ RSHUDWRUV DFWLQJ RQ PHDVXUHV LQ WKH IROORZLQJ ZD\
.
=e











(YLGHQWO\ WKH RSHUDWRU .=e
W L VD G M R L Q WW R.=
W 
:H UHFDOO WKDW GXH WR $VVXPSWLRQ  IRU DQ\ f  /￿)7W K HP D U W L Q J D O H0W  
(fM)W W  7 DGPLWV WKH SUHGLFWDEOH UHSUHVHQWDWLRQ
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￿V[yGVG[   
7KH FRHpFLHQWV RI WKLV UHSUHVHQWDWLRQ DUH XQLTXHO\ GHnQHG 0RUH SUHFLVHO\ f   k LV D
FRQWLQXRXV OLQHDU PDSSLQJ IURP /￿)7R Q W R/￿3GGW d /￿3l;GwWG[GW
hLTLt|L? SH 7KH FODLP f  /￿)7 LV KHGJHDEOH Lm WKHUH H[LVWV D SUHGLFWDEOH PHDVXUH



































yGWG[   
DQG VROYHV RQ >7@ GGWDH WKH HTXDWLRQ
.
=e






3URRI 6LQFH  4ZH KDYH E\ 3URSRVLWLRQV  DQG  WKDW
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7KXV WKH GLVFRXQWHG YDOXH SURFHVV 9 = LV RI WKH IRUP
9
=


















xGVG[ b yGVG[ 
&RPSDULVRQ RI  DQG  \LHOGV WKH UHVXOW (
$V D FRUROODU\ ZH JHW
hLTLt|L? Sb
 7KH PDUWLQJDOH PHDVXUH LV XQLTXH Lm WKH PDSSLQJV .= DUH LQMHFWLYH DH
 7KH PDUNHW LV FRPSOHWH Lm WKH PDSSLQJV .=e DUH VXUMHFWLYH DH
7KH SURRI RI D QDWXUDO H[WHQVLRQ RI WKH VHFRQG DVVHUWLRQ ZKLFK ZH JLYH EHORZ LQYROYHV D
PHDVXUDEOH VHOHFWLRQ WHFKQLTXH 7KH RSHUDWRU .=e
W  LV D PDSSLQJ WR +Qd/￿;;w WG[
DQG ?FO PHDQV WKH FORVXUH LQ WKLV VSDFH
hLTLt|L? Sf 7KH IROORZLQJ FRQGLWLRQV DUH HTXLYDOHQW
E 7KH PDUNHW LV DSSUR[LPDWHO\ FRPSOHWH
E FO,P.=e
W    +Q d /￿;;w WG[ DH
3URRI    /HW f EH D ERXQGHG GLVFRXQWHG FRQWLQJHQW 7FODLP WR EH DSSUR[LPDWHG




W P b WM
￿  N.
=e￿￿
W P b kWN
￿
/￿￿wW￿G[￿￿
ZKHUH ZH XVH VXSHUVFULSWV WR GHQRWH WKH nUVW DQG WKH VHFRQG ?FRRUGLQDWHV LQ  5HFDOO
WKDW EDOOV LQ +￿ D U HP H W U L ] D E O HF R P S D F W V K H Q F H  +￿0+￿L VD/ X V L QV S D F HD VDF R X Q W 
DEOH XQLRQ RI 3ROLVK VSDFHV 7KH IXQFWLRQ )￿E H L Q J3PHDVXUDEOH LQ W DQG FRQWLQXRXV
LQ P LV MRLQWO\ PHDVXUDEOH 7KXV WKH VHWYDOXHG PDSSLQJ
W  I P  +￿  )
￿WP  J
KDV D 3l+￿PHDVXUDEOH JUDSK DQG E\ DVVXPSWLRQ QRQHPSW\ YDOXHV DH 7KHUHIRUH
LW DGPLWV D 3PHDVXUDEOH DHVHOHFWRU P￿WGt VHH HJ >@ ZKLFK ?DOPRVW VROYHV WKH
SUREOHP ,QGHHG IRU WKH YDOXH SURFHVV 9 =K￿ (fK￿ p= FRUUHVSRQGLQJ WR WKH VWUDWHJ\
K￿









￿GW  7    
EXW WKLV YDOXH SURFHVV PD\ EH QRW ERXQGHG DQG HYHQ DGPLVVLEOH 1RWLFH WKDW WKH SUH
GLFWDEOH SURFHVV &W IURP $VVXPSWLRQ  LV ORFDOO\ ERXQGHG LH WKHUH H[LVWV D VHTXHQFH RI
VWRSSLQJ WLPHV }Q DV VXFK WKDW &W  Q IRU W  }Q3 X W
K
￿￿Q





7 K￿￿Q b 9 =





















W Gt  Q
￿
+HQFH WKH YDOXH SURFHVV FRUUHVSRQGLQJ WR K￿￿Q LV ZLWK ERXQGHG MXPSV /HW a K￿￿Q   K￿￿Q,>￿￿}￿
Q@
ZKHUH }￿
Q LV WKH H[LW WLPH RI 9 =K￿￿Q IURP WKH LQWHUYDO >bQQ@ 7KHQ 9 =
7 a K￿￿QL VDV H T X H Q F H
RI KHDGJHDEOH FODLPV FRQYHUJLQJ LQ /￿ WR 9 =
7 K￿ 7KLV OHDGV WR WKH GHVLUHG JRDO
   $VVXPH WKDW WKH PDUNHW LV DSSUR[LPDWHO\ FRPSOHWH LH DQ DUELWUDU\ ERXQGHG
7FODLP FDQ EH DSSURDFKHG E\ D VHTXHQFH RI KHGJHDEOH FODLPV FRQYHUJLQJ LQ /￿ 7KHQ WKHUH
H[LVWV D FRXQWDEOH VHW +   IfMJ RI ERXQGHG KHGJHDEOH UDQGRP YDULDEOHV GHQVH LQ WKH +LOEHUW
VSDFH /￿)7 DQG FORVHG XQGHU OLQHDU FRPELQDWLRQV ZLWK UDWLRQDO FRHpFLHQWV OHW MkME H
WKH FRHpFLHQWV LQ WKH LQWHJUDO UHSUHVHQWDWLRQ RI fM JLYHQ E\  :H FRQWLQXH ZLWK WKH
FDVH Q   WKH DUJXPHQWV FDQ EH H[WHQGHG HDVLO\ IRU WKH JHQHUDO FDVH EXW LQ IDFW WKHUH LV
QR QHHG LQ WKLV RQH FDQ LGHQWLI\ WKH SURGXFW VSDFH LQ WKH ULJKWKDQG VLGH RI  ZLWK /￿
RYHU DQ H[WHQVLRQ RI ( E\ Q H[WUD SRLQWV 2I FRXUVH ZH PD\ DVVXPH WKDW IRU DOO WR Q H
KDV NkQN￿￿W   ZKHUH NN￿￿W DQG ￿￿W DUH UHVSHFWLYHO\ WKH QRUP DQG WKH VFDODU SURGXFW
LQ /￿;;w WG[ /HW XV GHQRWH E\ +￿￿W WKH FORVXUH LQ WKLV QRUP RI WKH VHW IkQWJ
ZKLFK LV HYLGHQWO\ D OLQHDU VXEVSDFH DQG E\ +"
￿￿W LWV RUWKRJRQDO FRPSOHPHQW
,W LV HDV\ WR VKRZ WKDW WKHUH H[LVWV D a 3PHDVXUDEOH IXQFWLRQ k VXFK WKDW NkN￿￿W  L I
+"
￿￿W    ,QGHHG OHW I,LJ EH D VHTXHQFH RI LQGLFDWRU IXQFWLRQV JHQHUDWLQJ ; DQG
NW  LQI
|
L L Q I




3XW a kW  ,NW[L INW   DQG a kW   RWKHUZLVH &OHDUO\ a k PHHWV WKH
QHFHVVDU\ PHDVXUDELOLW\ UHTXLUHPHQWV )XUWKHUPRUH WKHUH LV a k{ ZKLFK LV PHDVXUDEOH LQ WKH
VDPH ZD\ DQG VXFK WKDW DOO WKH VHFWLRQV a k{W DUH UHSUHVHQWDWLYHV RI WKH SURMHFWLRQV RI
a kWR Q W R+￿￿W RQH FDQ RUWKRJRQDOL]H IkMWJ SUHVHUYLQJ PHDVXUDELOLW\ DQG QRWLFH WKDW
LQ WKLV FDVH WKH )RXULHU FRHpFLHQWV DUH REYLRXVO\ SUHGLFWDEOH 1RUPDOL]LQJ WKH GLmHUHQFH
a k b a k{ ZH JHW k ZLWK WKH UHTXLUHG SURSHUWLHV
7KH IXQFWLRQ k GHnQHV E\  ZLWK 0￿  DU D Q G R PY D U L D E O H07  /￿)7Z K L F K
LV RUWKRJRQDO E\ FRQVWUXFWLRQ WR DOO fM, IE GRHV QRW KROG WKHQ 07 LV QRQWULYLDO 7KLV
OHDGV WR DQ DSSDUHQW FRQWUDGLFWLRQ (
%\ H[SHULHQFH IURP WKH WKHRU\ RI nQDQFLDO PDUNHWV ZLWK nQLWHO\ PDQ\ DVVHWV RQH FRXOG
H[SHFW WKDW WKH PDUNHW LV FRPSOHWH LI DQG RQO\ LI WKH PDUWLQJDOH PHDVXUH LV XQLTXH EXW LQ
RXU LQnQLWH GLPHQVLRQDO VHWWLQJ WKLV LV QR ORQJHU WUXH 'XH WR WKH GXDOLW\ UHODWLRQ .HU."  
FO,P." ZH REWDLQ LQVWHDG IURP WKH DERYH DVVHUWLRQ
AiLhi4 S 7KH PDUNHW LV DSSUR[LPDWHO\ FRPSOHWH Lm WKH PDUWLQJDOH PHDVXUH LV XQLTXH
5HPDUN )RU WKH DERYH WKHRUHP $VVXPSWLRQ  D LV QRW RI FRXUVH YHU\ SOHDVDQW
VLQFH LW DFWXDOO\ PHDQV WKDW WKH VHW 4 DOZD\V DVVXPHG WR EH QRQHPSW\ FRQWDLQV D PHD
VXUH XQGHU ZKLFK WKH FRPSHQVDWRU KDV VXFK D SURSHUW\ +RZHYHU LW DXWRPDWLFDOO\ KROGV LQ
WKH LPSRUWDQW FDVH ZKHQ x LV D PXOWLYDULDWH SRLQW SURFHVV ZLWK DEVROXWHO\ FRQWLQXRXV FRP
SHQVDWRU :H EHOLHYH WKDW 7KHRUHP  FDQ EH H[WHQGHG WR D PXFK PRUH JHQHUDO VHWWLQJ
)RU D PRGHO ZKHQ DOO PHDVXUHV wWG[ DUH FRQFHQWUDWHG LQ D nQLWH QXPEHU RI SRLQWV
LQ SDUWLFXODU ZKHQ WKH PDUN VSDFH ; LV nQLWH DQG WKH KHGJLQJ SUREOHP LV UHGXFHG WR
D nQLWHGLPHQVLRQDO V\VWHP RI HTXDWLRQV IRU HDFK W WKH GXDOLW\ UHODWLRQ LV VLPSO\
.HU."  ,P.eV RL QW K L VF D V HZ HK D Y H
LhL**@h) S2 6XSSRVH WKDW WKH PHDVXUHV wWG[ DUH FRQFHQWUDWHG LQ D nQLWH QXPEHU RI
SRLQWV DH 7KHQ WKH ERQG PDUNHW LV FRPSOHWH Lm WKH PDUWLQJDOH PHDVXUH LV XQLTXH
,Q JHQHUDO WKH ?SULQFLSOH WKDW XQLTXHQHVV RI 4 LV HTXLYDOHQW WR FRPSOHWHQHVV RI WKH
PDUNHW IDLOV WKH VHW RI KHGJHDEOH FODLPV PD\ EH D VWULFW VXEVHW LQ WKH VHW RI DOO FODLPV
/￿)7 &OHDUO\ WKLV LV WKH FDVH ZKHQ ' LV VPRRWK LQ [ DQG ERXQGHG VR WKH LPDJH
FRQWDLQV RQO\ FRQWLQXRXV IXQFWLRQV W\SLFDOO\ .=e
W LV D FRPSDFW RSHUDWRU DQG KHQFH KDV
QR ERXQGHG LQYHUVH
7KXV PRGHOV ZLWK DQ LQnQLWH PDUN VSDFH LQWURGXFH VRPH FRPSOHWHO\ QHZ IHDWXUHV LQWR
WKH WKHRU\ DQG ZH DOVR HQFRXQWHU VRPH QHZ SUREOHPV ZKHQ LW FRPHV WR WKH QXPHULFDO
FRPSXWDWLRQ RI KHGJLQJ SRUWIROLRV 1DPHO\ WKH KHGJLQJ HTXDWLRQV  DUH LQ JHQHUDO
LOOSRVHG LQ WKH VHQVH RI +DGDPDUG LH WKH LQYHUVH RI .=e
W UHVWULFWHG WR ,P.=e
W PD\ QRW EH
ERXQGHG +HQFH D VPDOO SHUWXUEDWLRQ RI WKH ULJKWKDQG VLGH HJ GXH WR D VPDOO URXQGRm
HUURU JLYHV ULVH WR ODUJH oXFWXDWLRQV LQ WKH VROXWLRQ 7KXV D VLPSOH DSSUR[LPDWLRQ VFKHPH
IRU WKH FDOFXODWLRQ RI D FRQFUHWH KHGJH PD\ OHDG WR JUHDW QXPHULFDO HUURUV )RUWXQDWHO\ WKH
OLWHUDWXUH SURYLGHV D QXPEHU RI PHWKRGV WR JHW VWDEOH VROXWLRQV RI LOOSRVHG SUREOHPV
. L?U*tL?t
$ FRQVLVWHQW WKHRU\ RI WKH ]HURFRXSRQ ERQG PDUNHWV FDQ EH EDVHG RQ D VHWWLQJ ZKHUH WKH
SULFH FXUYH LV FRQVLGHUHG DV D SRLQW LQ WKH %DQDFK VSDFH RI FRQWLQXRXV IXQFWLRQV DQG LWV
HYROXWLRQ LV GHVFULEHG E\ D UDQGRP SURFHVV LQ WKLV VSDFH ,Q VXFK DQ DSSURDFK D SRUWIROLR
VWUDWHJ\ DW D n[HG WLPH LV LGHQWLnHG ZLWK D OLQHDU IXQFWLRQDO ZKLFK LV DQ HOHPHQW RI WKH
FRQMXJDWH VSDFH LH D PHDVXUH RQ PDWXULWLHV 7KH G\QDPLFV RI D VWUDWHJ\ LV JLYHQ E\ D
ZHDNO\ SUHGLFWDEOH PHDVXUHYDOXHG SURFHVV
7KH QHHGHG PDWKHPDWLFDO WRRO LV D VWRFKDVWLF LQWHJUDWLRQ ZLWK UHVSHFW WR &YDOXHG SUR
FHVVHV IRU ZKLFK RXU SDSHU VXJJHVWV D FHUWDLQ JHQHUDO UHFLSH $V D MXVWLnFDWLRQ RI WKH JHQHUDO
IUDPHZRUN ZH SURYH WKDW WKH DVVHW SD\LQJ DQ LQWHUHVW FRUUHVSRQGLQJ WR WKH VKRUW WHUP LQ
WHUHVW UDWH LV WKH YDOXH SURFHVV RI D UROORYHU VWUDWHJ\ FRQVLVWLQJ LQ SHUPDQHQW UHLQYHVWPHQW
LQ MXVW PDWXULQJ ERQGV 7UDGLWLRQDOO\ WKH H[LVWHQFH RI VXFK DQ DVVHW LQ D ERQG PDUNHW LV DQ
DX[LOLDU\ K\SRWKHVLV H[SODLQHG E\ KHXULVWLF DUJXPHQWV
7KH LQWHJUDWLRQ WKHRU\ KDV D PRUH H[SOLFLW VWUXFWXUH IRU PRGHOV ZKHUH WKH G\QDPLFV RI
DQ\ ERQG LH HYROXWLRQ RI HDFK SRLQW RI WKH SULFH FXUYH LV JLYHQ E\ D MXPSGLmXVLRQ PRGHO
,Q WKLV FDVH RQH FDQ XVH D FRQVWUXFWLRQ LQYROYLQJ VWDQGDUG nQLWHGLPHQVLRQDO LQWHJUDOV
6WDUWLQJ WKH PRGHOOLQJ IURP WKH GHVFULSWLRQ RI WKH IRUZDUG UDWH G\QDPLFV ZH GHULYH +-0
W\SH FRQGLWLRQV IRU WKH H[LVWHQFH RI DQ HTXLYDOHQW PDUWLQJDOH PHDVXUH
7KH IRUPDO GHnQLWLRQ RI D SRUWIROLR VWUDWHJ\ DOORZV WR GHnQH RWKHU HFRQRPLFDOO\ PHDQ
LQJIXO SURSHUWLHV RI D ERQG PDUNHW LQ SDUWLFXODU PDUNHW FRPSOHWHQHVV )RU D PRGHO ZLWK
Dn Q L W H/ u HY\ PHDVXUH ZH VKRZ WKDW WKH FRPSOHWHQHVV LV HTXLYDOHQW WR WKH XQLTXHQHVV RI
WKH HTXLYDOHQW PDUWLQJDOH PHDVXUH D UHODWLRQ ZKLFK LV ZHOONQRZQ IRU VWRFN PDUNHW PRGHOV
+ R Z H Y H U L QW K HF D V HR ID QL Q n Q L W H/ u HY\ PHDVXUH WKLV LV QR ORQJHU WUXH LW KDSSHQV WKDW WKH
XQLTXHQHVV RI WKH HTXLYDOHQW PDUWLQJDOH PHDVXUH LV D SURSHUW\ WKDW KROGV Lm WKH PDUNHW LV
DSSUR[LPDWHO\ FRPSOHWH LH HYHU\ FRQWLQJHQW FODLP FDQ EH DSSURDFKHG LQ D FHUWDLQ VHQVH E\
D VHTXHQFH RI KHGJHDEOH FODLPV 7KLV UHVXOW LV GHGXFHG IURP GXDOLW\ FRQVLGHUDWLRQV OHDGLQJ
PRUHRYHU WR WKH FRQFOXVLRQ WKDW WKH KHGJLQJ SUREOHP LV LOOSRVHG
,W LV ZRUWK PHQWLRQLQJ WKDW WKH UHVXOWV RI WKLV SDSHU RSHQ WKH GRRU WR D V\VWHPDWLF XVH
RI PRGHOV GULYHQ E\ /u HY\ SURFHVVHV WKDW JLYH EHWWHU VWDWLVWLFDO nWWLQJ RI UHDOZRUOG nQDQFLDO
GDWD EXW OHDG WR WKHRUHWLFDO GLpFXOWLHV UHODWHG WR DEVHQFH RI FRPSOHWHQHVV 0RUHRYHU WKH
LGHD RI PHDVXUHYDOXHG SRUWIROLRV VHHPV WR EH XVHIXO DOVR LQ WKH FRQWH[W RI VWRFN PDUNHWV
DXJPHQWHG E\ DQ LQnQLWH QXPEHU RI GHULYDWLYH VHFXULWLHV RU ERQGV
2QH FDQ REVHUYH WKDW D QXPEHU RI TXHVWLRQV DUH RQO\ EULHo\ WRXFKHG KHUH DQG ZH IRUHVHH
IXUWKHU PDWKHPDWLFDO GHYHORSPHQWV ZLWKLQ WKH IUDPHZRUN RI WKH FRQVLGHUHG DSSURDFK
 TTi?_ G t|LU@t|U 6M? |iLhi4t
:H JLYH IRUPXODWLRQV RI WKH VWRFKDVWLF )XELQL WKHRUHPV ZKLFK DUH XVHG LQ WKH SUHVHQW SDSHU
7KH SURRIV IRU LQWHJUDOV ZLWK UHVSHFW WR D PDUWLQJDOH FDQ EH IRXQG LQ WKH WH[WERRN >@ WKH
FDVH RI UDQGRP PHDVXUHV LV WUHDWHG LQ WKH VDPH ZD\
/HW 0 EH D FRQWLQXRXV UHDO PDUWLQJDOH x   xGWG[D3l;}nQLWH LQWHJHUYDOXHG
DGDSWHG UDQGRP PHDVXUH ZLWK FRPSHQVDWRU y   yGWG[ DQG P DP H D V X U HR Q A%A ZLWK
WKH nQLWH WRWDO YDULDWLRQ MxM/ H W+   +WtD Q Gk k  W[t EH FRUUHVSRQGLQJO\
3l% APHDVXUDEOH DQG 3l;l% APHDVXUDEOH IXQFWLRQV :H GHQRWH E\ +t DQG kt WKHLU t
VHFWLRQV LH +t  W   +Wt DV XVXDO 2 LV WKH QRWDWLRQ IRU WKH RSWLRQDO }DOJHEUD
P+ RU P+ LQ DPELJXRXV FDVHV VWDQGV IRU WKH LQWHJUDO ZLWK UHVSHFW WR P   PGt
$V LQ WKH RUGLQDU\ )XELQL WKHRUHP WKHUH LV D VWDWHPHQW FRQFHUQLQJ PHDVXUDELOLW\ VLQFH
LQ WKH VWRFKDVWLF FDVH WKH LQWHJUDO LV GHnQHG XS WR D 3QXOO VHW WKH SUREOHP LQ IDFW LV WKDW
RI H[LVWHQFH RI VXLWDEO\ PHDVXUDEOH YHUVLRQV
hLTLt|L?  D $VVXPH WKDW IRU HDFK t WKH LQWHJUDO +t￿ cK0LW LV nQLWH IRU nQLWH W
7KHQ WKHUH H[LVWV DQ 2l% APHDVXUDEOH IXQFWLRQ 8Wt VXFK WKDW IRU HDFK t WKH SURFHVV
8t LV D YHUVLRQ RI WKH VWRFKDVWLF LQWHJUDO +t c 0
E $VVXPH WKDW IRU HDFK t WKH LQWHJUDO kt￿ e yW LV nQLWH IRU nQLWH W7 K H QW K H U HH [ L V W V
DQ 2l% APHDVXUDEOH IXQFWLRQ 9 Wt VXFK WKDW IRU HDFK t WKH SURFHVV 9 t LV D YHUVLRQ RI
WKH VWRFKDVWLF LQWHJUDO kt e x b y
%\ YLUWXH RI WKHVH DVVHUWLRQV WKH QRWDWLRQV +t c 0 DQG kt e x b yD O Z D \ VP H D QW K H
VXLWDEOH PHDVXUDEOH YHUVLRQV RI WKH LQWHJUDOV
hLTLt|L? 2 D 6XSSRVH WKDW IRU nQLWH W
P+








GK0LW   $
7KHQ WKH SURFHVV P+ c 0 LV LQGLVWLQJXLVKDEOH IURP P+ c 0
E 6XSSRVH WKDW IRU nQLWH W
Pk











7KHQ WKH SURFHVV Pk e x b y LV LQGLVWLQJXLVKDEOH IURP Pk e x b y
&RPPHQWV 7KH PHDVXUDELOLW\ UHVXOW KDV EHHQ SURYHG LQ JUHDW JHQHUDOLW\ LQ >@ 7KH
LQWHUFKDQJHDELOLW\ RI WKH LQWHJUDOV XQGHU WKH DVVXPSWLRQV DERYH LV DOPRVW D IRONORUH IRU WKLV
DQG RWKHU YHUVLRQV VHH >@ ZLWK WKH OLWHUDWXUH WKHUHLQ DQG DOVR >@ WKH ERRN >@ FRQWDLQV DQ
H[WHQVLRQ WR +LOEHUW VSDFHYDOXHG :LHQHU SURFHVVHV DOWKRXJK LW LV QRW HDV\ WR JLYH D SUHFLVH
UHIHUHQFH H[FHSW >@ IRU WKH FDVH RI UDQGRP PHDVXUHV :H GR QRW FRQVLGHU UDPLnFDWLRQV RI
WKLV UHVXOW ZKLFK DUH GHOLFDWH DQG VWLOO RI FXUUHQW LQWHUHVW $FWXDOO\ WKH VWRFKDVWLF )XELQL
WKHRUHP LV UDWKHU XQIRUWXQDWH HYHQ WKH XVXDOO\ UHOLDEOH VRXUFH >@ FRQWDLQV DQ HUURQHRXV
IRUPXODWLRQ LQ 7K  VHH S  LQ >@ IRU D FRXQWHUH[DPSOH DQG IXUWKHU UHPDUNV 7KH
PRVW JHQHUDO UHVXOWV DUH JLYHQ LQ WKH UHFHQW GHHS VWXG\ >@ ZKHUH WKH SUREOHP LV WUHDWHG
LQ WKH IUDPHZRUN RI YHFWRU LQWHJUDWLRQ WKHRU\ LQGHSHQGHQWO\ WKH VDPH DSSURDFK WR WKH
VWRFKDVWLF )XELQL WKHRUHP LV XVHG LQ WKH SDSHU >@ VXEPLWWHG KRZHYHU PXFK ODWHU
$FNQRZOHGJHPHQW 7KH DXWKRUV H[SUHVVHG WKHLU WKDQNV WR +DQV ) ROOPHU DQG &KULVWRSK
6WULFNHU IRU KHOSIXO GLVFXVVLRQV
+iuihi?Uit
>@ $UW]QHU 3 'HOEDHQ )  7HUP VWUXFWXUH RI LQWHUHVW UDWHV WKH PDUWLQJDOH DS
SURDFK $GYDQFHV LQ $SSOLHG 0DWKHPDWLFV f ^
>@ %DEEV 6 :HEEHU 1  $ WKHRU\ RI WKH WHUP VWUXFWXUH ZLWK DQ RpFLDO VKRUW
UDWH :RUNLQJ SDSHU 8QLYHUVLW\ RI :DUZLFN
>@ %HQVRXVVDQ $  2Q WKH WKHRU\ RI RSWLRQ SULFLQJ $FWD $SSOLFDQGDH 0DWKHPDWL
FDH 2 ^
>@ %LFKWHOHU . /LQ 6-  2Q WKH VWRFKDVWLF )XELQL WKHRUHP 6WRFKDVWLFV DQG
6WRFKDVWLFV 5HSRUWV De ^
>@ %M RUN 7  2Q WKH WHUP VWUXFWXUH RI GLVFRQWLQXRXV LQWHUHVW UDWHV 6XUYH\V LQ
,QGXVWULDO DQG $SSOLHG 0DWKHPDWLFV 2  ^
>@ %M RUN 7 .DEDQRY < 5XQJJDOGLHU :  %RQG PDUNHW VWUXFWXUH LQ WKH SUHVHQFH
RI PDUNHG SRLQW SURFHVVHV 6XEPLWWHG WR 0DWKHPDWLFDO )LQDQFH
>@ %UDFH $ 0XVLHOD 0  $ PXOWLIDFWRU *DXVV 0DUNRY LPSOHPHQWDWLRQ RI +HDWK
-DUURZ DQG 0RUWRQ 0DWKHPDWLFDO )LQDQFH e  ^
>@ &KDWHODLQ 0 6WULFNHU &  2Q FRPSRQHQWZLVH DQG YHFWRU VWRFKDVWLF LQWHJUDWLRQ
0DWKHPDWLFDO )LQDQFH e  ^
>@ &R[ - ,QJHUVROO - 5RVV 6  7KH UHODWLRQ EHWZHHQ IRUZDUG DQG IXWXUHV SULFHV
- )LQDQFLDO (FRQRPLFV b ^
>@ &R[ - ,QJHUVROO - 5RVV 6  $ WKHRU\ RI WKH WHUP VWUXFWXUH RI LQWHUHVW UDWHV
(FRQRPHWULFD D 
>@ 'DQD 5$ -HDQEODQF3LFTXu H 0  0DUFKu HV )LQDQFLHUV HQ 7HPS &RQWLQXH
9DORULVDWLRQ HW u (TXLOLEUH (FRQRPLFD 3DULV
>@ 'D 3UDWR * =DEF]\N -  6WRFKDVWLF (TXDWLRQV LQ ,QnQLWH 'LPHQVLRQV& D P 
EULGJH 8QLYHUVLW\ 3UHVV 1HZ <RUN
>@ 'HOODFKHULH & 0H\HU 3$   3UREDELOLWu HV HW SRWHQWLHOY R O X P H VD Q G 
+HUPDQQ 3DULV
>@ 'HOEDHQ ) 6FKDFKHUPD\HU :  $ JHQHUDO YHUVLRQ RI WKH )XQGDPHQWDO 7KHRUHP
RI $VVHW 3ULFLQJ 0DWK $QQDO 
>@ 'XpH '  '\QDPLF $VVHW 3ULFLQJ 7KHRU\ 3ULQFHWRQ 8QLYHUVLW\ 3UHVV
>@ (O .DURXL 1 0\QHQL 5 9LVZDQDWKDQ 5  $UELWUDJH SULFLQJ DQG KHGJLQJ RI
LQWHUHVW UDWH FODLPV ZLWK VWDWH YDULDEOHV , ,, 3UHSULQWV /DERUDWRLUH GH 3UREDELOLWu HV
3DULV 
>@ +DUULVRQ 0 3OLVND 6  0DUWLQJDOHV DQG VWRFKDVWLF LQWHJUDOV LQ WKH WKHRU\ RI
FRQWLQXRXV WUDGLQJ 6WRFKDVWLF 3URFHVVHV DQG WKHLU $SSOLFDWLRQV  ^
>@ +HDWK ' -DUURZ 5 0RUWRQ $ -  %RQG SULFLQJ DQG WKH WHUP VWUXFWXUH RI
LQWHUHVW UDWHV D QHZ PHWKRGRORJ\ IRU FRQWLQJHQW FODLP YDOXDWLRQ (FRQRPHWULFD Sf
 ^
>@ +XOO - :KLWH $  3ULFLQJ RI LQWHUHVW UDWH GHULYDWLYHV 7KH 5HYLHZ RI )LQDQFLDO
6WXGLHV  ^
>@ -DFRG -  &DOFXO 6WRFKDVWLTXHV HW 3UREOt HPHV GH 0DUWLQJDOHV /HFWXUH 1RWHV LQ
0DWKHPDWLFV .e 6SULQJHU %HUOLQ^+HLGHOEHUJ^1HZ <RUN
>@ -DFRG - 6KLU\DHY $ 1  /LPLW 7KHRUHPV IRU 6WRFKDVWLF 3URFHVVHV6 S U L Q J H U 
%HUOLQ^+HLGHOEHUJ1HZ <RUN
>@ -DPVKLGLDQ )  %RQG DQG RSWLRQ HYDOXDWLRQ LQ WKH *DXVVLDQ LQWHUHVW UDWH PRGHO
,Q 5HVHDUFK LQ )LQDQFH b ^
>@ -DUURZ 5 0DGDQ '  &KDUDFWHUL]DWLRQ RI FRPSOHWH PDUNHWV RQ D %URZQLDQ
nOWUDWLRQ 0DWKHPDWLFDO )LQDQFH   ^
>@ -DUURZ 5 0DGDQ '  2SWLRQ SULFLQJ XVLQJ WHUP VWUXFWXUH RI LQWHUHVW UDWHV WR
KHGJH V\VWHPDWLF GLVFRQWLQXLWLHV LQ DVVHW UHWXUQV 0DWKHPDWLFDO )LQDQFH D  ^
>@ -DUURZ 5 0DGDQ '  9DOXLQJ DQG KHGJLQJ FRQWLQJHQW FODLPV RQ VHPLPDUWLQ
JDOHV 3UHSULQW
>@ .DEDQRY <X .UDPNRY '  $V\PSWRWLF DUELWUDJH LQ ODUJH nQDQFLDO PDUNHWV
)LQDQFH DQG 6WRFKDVWLFV 7R DSSHDU
>@ /HEHGHY 9 $  )XELQL WKHRUHP IRU SDUDPHWHUGHSHQGHQW VWRFKDVWLF LQWHJUDOV
ZLWK UHVSHFW WR /￿YDOXHG UDQGRP PHDVXUHV 3UREDELOLW\ 7KHRU\ DQG ,WV $SSOLFDWLRQV
ef  ^
>@ /LQGEHUJ + 2UV]DJ 0 3HUUDXGLQ :  <LHOG FXUYHV ZLWK MXPS VKRUW UDWHV
3UHSULQW
>@ 0u HWLYLHU 0  6HPLPDUWLQJDOHV 'H *UX\WHU %HUOLQ^1HZ <RUN
>@ 0XVLHOD 0  6WRFKDVWLF 3'(V DQG WHUP VWUXFWXUH PRGHOV 3UHSULQW
>@ 3URWWHU 3K  6WRFKDVWLF ,QWHJUDWLRQ DQG 'LmHUHQWLDO (TXDWLRQV 6SULQJHU %HUOLQ^
+HLGHOEHUJ^1HZ <RUN
>@ 6DQGPDQQ . 6RQGHUPDQQ '  $ WHUP VWUXFWXUH PRGHO DQG WKH SULFLQJ RI
LQWHUHVW UDWH GHULYDWLYHV 3UHSULQW
>@ 6FKZDUW] /DXUHQW  6HPLPDUWLQJDOHV EDQDFKLTXHV OH WKu HRUt HPH GHV WURLV
RSu HUDWHXUV 6u HPLQDLUH GH 3UREDELOLWu HV ;;9,,, /HFWXUH 1RWHV LQ 0DWKHPDWLFV DH
6SULQJHU %HUOLQ^+HLGHOEHUJ^1HZ <RUN
>@ 6KLUDNDZD +  6HFXULW\ PDUNHW PRGHO ZLWK 3RLVVRQ DQG GLmXVLRQ W\SH UHWXUQ
SURFHVV SURFHVVHV 7HFKQLFDO 5HSRUW ,+66 7RN\R ,QVWLWXWH RI 7HFKQRORJ\
>@ 6KLUDNDZD +  ,QWHUHVW UDWH RSWLRQ SULFLQJ ZLWK 3RLVVRQ*DXVVLDQ IRUZDUG UDWH
FXUYH SURFHVVHV 0DWKHPDWLFDO )LQDQFH   ^
>@ 6WULFNHU & <RU 0  &DOFXO VWRFKDVWLTXH Gu HSHQGDQW G
XQ SDUDPt HWUH =
:DKUVFKHLQOLFKNHLWVWKHRULH YHUZ *HELHWH eD ^
>@ 6]SLUJODV -  6XU O
HTXLYDOHQFH G
HTXDWLRQV GLmu HUHQWLHOOHV VWRFKDVWLTXHV t DY D O H X U V
PHVXUH GDQV OH nOWUDJH 0DUNRYLHQ QRQ OLQu HDLUH $QQ ,QVWLWXW +HQUL 3RLQFDUu H6 H F W % 
e 
>@ 9DVL FHN 2  (TXLOLEULXP FKDUDFWHUL]DWLRQ RI WKH WHUP VWUXFWXUH - RI )LQDQFLDO
(FRQRPLFV D  ^
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